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Abstract

This paper provides a unified framework for the selection of valid moment condi-
tions and detection of latent group structures based on the moment condition valid-
ity in general nonlinear generalized method of moments (GMM) panel data models.
It accommodates a diverging number of moment conditions and group-specific het-
erogeneous validity of moment conditions across agents. The proposed method inte-
grates the pairwise adaptive fused Lasso and the adaptive Lasso regularization into
the GMM estimation. The estimator is shown to be consistent and simultaneously
achieves classification and moment selection consistency. The asymptotic distribution
of a post-regularization estimator is derived, and its oracle properties are established.
The finite-sample performance of the proposed method is evaluated through a Monte
Carlo simulation experiment. The method is applied to empirically investigate the
impact of agricultural productivity shocks on rural-to-urban migration in China.
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1 Introduction

Panel data models are extensively employed in empirical economics research. These mod-
els utilize data that encompass various units—such as workers, firms, or countries—observed
over time, and offer the distinct advantage of enabling the analysis of critical economic
relationships while controlling for unobserved heterogeneity. However, this unobserved het-
erogeneity also presents statistical challenges for accurate estimation and inference, leading
researchers to navigate trade-offs in the degree of unobserved heterogeneity accommodated
by the model.

Recent years have seen a surge in interest towards developing panel data models that
incorporate latent group structures, a concept pioneered by Hahn and Moon (2010); Bon-
homme and Manresa (2015); Su et al. (2016). These models assume that units are categorized
into a finite number of groups with homogeneous parameters within each group but hetero-
geneity across groups. This approach strikes a balance across model flexibility, statistical
efficiency, and empirical interpretability.

Panel data models are often characterized by sets of moment conditions, such as en-
dogenous regression models with instrumental variables and nonlinear structural models. In
many cases, the available moment conditions, which are possibly misspecified, outnumber the
parameters of interest. It is, therefore, crucial to selectively use valid moment conditions in
the estimation process to prevent biased and misleading outcomes. For instance, approaches
for shrinkage GMM estimation (Liao, 2013; Cheng and Liao, 2015) have been proposed to
address these challenges by penalizing moment-specific slackness parameters that signify the
validity of moment conditions.

Given the prevalence of unobserved heterogeneity in panel data, assuming universal va-
lidity of moment conditions across all units is overly restrictive. It is more pragmatic to
acknowledge the heterogeneity in the validity of moment conditions across units. For ex-
ample, in instrumental variable (IV) models, the exogeneity of instruments typically hinges
on foundational model assumptions or empirical evidence. Given the inherent heterogeneity
across units, it is unrealistic to assume a universal applicability of any single IV. Recogniz-
ing this, it becomes essential to accommodate the notion that varied units may necessitate
distinct sets of IVs for accurately identifying causal relationships of interest. Similarly, in
the context of moment conditions derived from economic theory, assuming a one-size-fits-all
model that uniformly represents all facets of the data-generating process for every unit is
overly optimistic. A more nuanced approach involves tailoring the model to accurately reflect
specific subsets of features for different units, as defined by corresponding sets of moment

conditions, thereby ensuring a more accurate and nuanced representation of the underlying



economic realities.

This paper introduces a unified framework for estimating the structural parameters of
interest, selecting valid moment conditions, and detecting latent group structures in non-
linear GMM panel data models. The framework accommodates an expanding number of
moment conditions and group-specific heterogeneity in the validity of these conditions. By
integrating the pairwise adaptive fused Lasso (Mehrabani, 2023) and the adaptive Lasso
(Cheng and Liao, 2015) regularization for moment selection into a GMM framework, the
method offers a comprehensive solution for simultaneously achieving consistent and efficient
parameter estimation, accurate classification of latent groups, and the selection of valid mo-
ment conditions for each group. To the best of my knowledge, this is the inaugural work that
integrates moment selection and group classification in nonlinear GMM panel data models.
This integration bridges the gap between moment selection methodologies and panel data
models featuring latent group structures and leverages the strengths of both approaches.

Under a large (N, T) asymptotic regime, the proposed method is shown to be consistent
and achieves classification and moment selection consistency simultaneously. The asymptotic
distribution of a post-regularization estimator is derived, allowing for statistical inference
on the structural parameters of interest. The estimation procedure involves a large-scale
optimization problem. A conic programming formulation is provided, which can be efficiently
solved by off-the-shelf optimization solvers. The finite-sample performance of the proposed
method is evaluated through Monte Carlo simulation experiments.

The proposed method is applied to empirically investigate the impact of agricultural
productivity on rural-to-urban migration in China using unique datasets from the National
Fixed-point Survey, a large-scale panel survey of rural households in China, and detailed
weather data from the China Meteorological Data Service Center. Temperature and precipi-
tation variables, as well as agricultural technology shocks, are used as instrumental variables
to address potential endogeneity issues. We show that using all available instruments de-
livers opposite results compared to the estimates from the penalized GMM estimator. The
results without accounting for the validity issue can be misleading since even the widely
adopted precipitation variables are not universally exogenous as detected by our method.
Meanwhile, the proposed method demonstrates efficiency gains over the IV estimation with

only the temperature variables due to moment selection.

Literature Review. This work contributes to various strands of the literature. Firstly, it is
related to the vast literature on the generalized method of moments (GMM) since Hansen
(1982), with a particular emphasis on overidentifying moment conditions with possible mis-
specification. In early works, Andrews (1999); Andrews and Lu (2001) develop moment

selection criteria based on J overidentification test statistic. Han and Phillips (2006) de-
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rive the asymptotic properties of the GMM estimator with many moment conditions. Liao
(2013); Cheng and Liao (2015) propose shrinkage GMM estimation with adaptive Lasso regu-
larization of the slackness parameters for moment selection. Another strand of the literature
focuses on the empirical likelihood approach to moment models. For example, Moon and
Schorfheide (2009) study the properties of the empirical likelihood estimator with overidenti-
fying moment inequalities. Shi (2016); Chang et al. (2018); Ando and Sueishi (2019); Chang
et al. (2022) investigate the penalized empirical likelihood estimation in high-dimensional
environments. As an important class of moment condition models, linear IV models with
high-dimensional instruments have attracted wide attention. Hahn et al. (2011) develop a
Hausman test to test the validity of a set of strong but potentially invalid IVs in the pres-
ence of weak IVs. Selection of IVs via regularization has been extensively studied, see Okui
(2011); Belloni et al. (2012); Fan and Liao (2014); Luo (2014); Windmeijer et al. (2019);
Gautier and Rose (2021); Liang et al. (2022); Lin et al. (2022) and the references therein.

In this work, the wisdom from these works, particularly the shrinkage GMM estimation
approach in Cheng and Liao (2015), is brought to the nonlinear panel data settings with
latent group structures to account for heterogeneity in the validity of moment conditions.

Panel data models with latent group structure have become increasingly popular in the
literature during the past decade. Several prominent approaches have been developed. The
k-means algorithm has been introduced to the panel data literature for estimation of la-
tent group structures and group-specific parameters by Lin and Ng (2012); Bonhomme and
Manresa (2015) and this line of research has been flourishing, see Bonhomme et al. (2019,
2022); Liu et al. (2020, 2023); Miao et al. (2020); Okui and Wang (2021); Wang et al. (2023);
Lumsdaine et al. (2023); Cytrynbaum (2020); Cheng et al. (2023). Some works borrow the
sequential binary segmentation algorithm initally applied in the structural break detection
literature, for examples Ke et al. (2016); Wang and Su (2021); Su et al. (2023), and recent
works focus on spectral clustering algorithms, see Ma et al. (2022); Chetverikov and Man-
resa (2022); Yu et al. (2022). The Bayesian approach is proposed in Zhang (2023); Huang
(2023). Last but not least, a major strand of the literature focuses on identifying group
structures in panel data models via dedicated penalization schemes. Su et al. (2016) pro-
pose the classifier-Lasso (C-Lasso) penalty to identify group structure in a nonlinear profile
likelihood framework and the linear IV models. Following their work, the method has been
extended to a variety of settings, for example, Su and Lu (2017); Su and Ju (2018); Su et al.
(2019); Huang et al. (2020, 2021), and the computational issues of C-Lasso is discussed in
Gao and Shi (2021); Huang et al. (2023).

Many of the existing works on grouped panel models focus on linear or nonlinear re-

gression models or linear IV models, with Cheng et al. (2023) as an exception in which



the authors study a nonlinear GMM model with an emphasis on multi-dimensional grouped
heterogeneity. This work contributes to the nonlinear GMM panel data models with la-
tent group structure with a focus on heterogeneity in the validity of moment conditions.
In addition, the model in this paper deals with parameters with increasing dimensions by
allowing for a diverging number of moment conditions and facilitates variable selection in
the estimation.

The current work adopts the pairwise adaptive fused Lasso (PAFL) penalization regular-
ization to identify the grouped structure in the validity of moment conditions. The PAFL
penalty originates from of idea of the adaptive Lasso (Zou, 2006), group Lasso (Yuan and
Lin, 2006), fused Lasso (Tibshirani et al., 2005) and the group fused Lasso (Qian and Su,
2016; Okui and Wang, 2021; Lumsdaine et al., 2023) and is proposed for clustering prob-
lems as in Hocking et al. (2011); Radchenko and Mukherjee (2017). The method is applied
for the detection of group structures in panel data models in Gu and Volgushev (2019)
and Mehrabani (2023). This technique offers computational benefits over alternatives like
the Classifier-Lasso, k-means clustering, and the sequential binary segmentation algorithm,
thanks to its convex nature, and simplifies the training process with a single tuning pa-
rameter and provides a spectrum of tuning parameters to accurately determine the number
of groups. Discussion and comparison of the PAFL penalty with other methods will be
delineated in Remark 2.

Gu and Volgushev (2019) adopts a scaler version of the L;-norm-baed PAFL penalization
to study the quantile regression models with grouped fixed effects, while our model deals
with increasing dimensional parameters. The PAFL penalty in our work has the same form
as in Mehrabani (2023). However, the proof in Mehrabani (2023) was found to only support
individual classification consistency with a few technical gaps in the development of the
asymptotic theory. The present paper provides a novel proof to first rigorously establish
uniform classification consistency with the pairwise adaptive fused Lasso, which can also
serve as a remedy for Mehrabani (2023) in the linear panel data models with latent group
structures.

The empirical application in this paper contributes to a large body of literature addressing
a classic development issue: whether agricultural productivity shocks encourage rural-to-
urban migration in the developing world (e.g., Matsuyama, 1992; Foster and Rosenzweig,
2007; Bustos et al., 2016; McArthur and McCord, 2017; Liu et al., 2023).

Notations. For any positive integer N, Iy € RV 0y € RV*! and ¢y € RV*! denotes the
N x N identity matrix, N x 1 zero vector and N X 1 vector of ones, respectively. Denote
[N] = {1,2,--- ,N}. For generic vectors a € R" and matrices A € R¥*X ||| denotes

Frobenius norm; A’ is the transpose of A; opax (A) and oy, (A) denote the largest and
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smallest singular values of A, respectively. Let a; and a;, denote the i-th element of a
and the (4, k)-th element of A, respectively. For a vector-valued function f (a): RY — RX,

%ﬁﬁ) € REXN denotes the Jacobian matrix with (i, k)-th element as %@) where f; (+) is the i-
k

/
th component of f (+). Let S = {i(l), i(2), ,i(s)} C [N], denote as = (ai(l),ai(g), e 76%'(5))

and fs(-) = <fi(1>, figyr o ,fi(s>>/ as the subvectors of @ and f(-), respectively. For a generic
set A, |A| is the cardinality of A. We use C' (c) to denote generic large (small) positive
constants. Define a A b := min (a,b) and a V b := max (a,b). Ax; = x4 — x;;—1 denotes the
first difference operator. “%” and « 4> denote convergence in probability and convergence
in distribution, respectively; “w.p.a.1” abbreviates “with probability approach 17. Denote
ay = op (by) if for any € > 0, Pr(Jan/by| >¢€) = 0 as N — oo; ay = O, (by) if for any
e > 0, there exist finite C; > 0 such that limy_,o Pr (Jany/bn| > C:) < e. Weuse (N, T) — oo
to signify that NV and 7" jointly go to infinity.

Layout. The rest of the paper is organized as follows. Section 2 presents the model setup
and motivating examples and proposes the penalized GMM estimator. Section 3 investigates
the asymptotic properties of the proposed method. The finite sample performance of the
proposed method is evaluated through a Monte Carlo simulation experiment in Section 4.
Section 5 applies the proposed method to examine the effects of agricultural productivity on
rural-to-urban migration in China. Section 6 concludes. Proofs and computational details

are relegated to the Appendix.

2 Framework

This section lays the foundation for our investigation of moment models with grouped
heterogeneous validity of moment conditions with panel data. Firstly, we delineate the
model’s framework and examine illustrative econometric examples that motivate our study
in Section 2.1 and 2.2. Subsequently, in Section 2.3 we introduce a penalized GMM estimator,

specifically designed for parameter estimation, classification, and moment selection.

2.1 Model Setup

We examine an observed dataset wherein each observation z; € RP#, indexed by i € [N]
and ¢ € [T]. This dataset may be conceptualized as either classical panel data or as clustered
data. Within the framework of panel data, the index i represents the individual dimension,
while ¢t pertains to the time dimension. In the case of clustered data, on the other hand, 7

indicates the cluster dimension, with ¢ identifying units within these clusters.



2.1.1 Moment Conditions

Consider g(z,0) € RL, which represents a vector of moment functions associated with
the parameter @ € © C RP?, where py is a predetermined positive integer. Let 8° denote the
true parameter values of interest for 6.

There exists a subset S C [L] of the moment conditions, satisfying py < Ls = |S| < L,
such that

Elgs (zi1,0)] = 0 (1)

is fulfilled if and only if @ = 0°, thus identifying the structural parameter @ in accordance
with (1). We assume that both py and Lg are constant, while L = Lyr may increase with
the sample sizes N and T

The set S of sure moment conditions, which are correctly specified as per (1) and are
sufficient for the identification of 6, is presumed to be known to the researchers based on
economic theory or prior empirical evidence. Let D = [L] \ S, with Lp = L — Lg, denote
the set of doubtful moment conditions, which may be potentially misspecified. Without loss
of generality, let D = [Lp|. To model the pattern of misspecification, we introduce slackness
parameters §; € O; C RY? i € [N], such that

E [gp (2i,60%)] = &, 2)

thereby allowing for heterogeneous validity of moment conditions across i. Specifically,
0;; = 0 indicates that moment condition [ € D is correctly specified for ¢, whereas d;; # 0
signifies that moment condition [ € D is misspecified for 7. For each individual 7, the set of
doubtful moment conditions, D, is partitioned into V; and Z;, where V; = {l € [Lp] : 4;; = 0}
represents the subset of conditions correctly specified, and Z; = {l € [Lp| : §; # 0} denotes
those misspecified. The parameter
. . . O
(v = min, min |5
quantifies the minimum degree of misspecification across individuals and conditions, which

is permitted to approach zero.

2.1.2 Grouped Structure

Consider that G = {Qk},fzol constitutes a partition of the set [N], such that Uf:ol Gr =
[N] and G, N G; = 0 for all j # k. This partitioning organizes the sample into Ky > 1
distinct groups. Define Ny, = S_~ 1 {i € G;} as the number of observations within group



k, for k € [K°]. Furthermore, the group membership function k(i) = ZkK:Ol k1{i € Gy} is
introduced, alongside the indicator function A\, = 1 {i € G}, for each i € [N] and k € [K"].
Rather than assuming arbitrary patterns of heterogeneity in §;, we introduce a latent

group structure by positing that

8 = Zagl {i € Gr} =}, (3)

where af # a? for all j # k, signifying that the validity of moment conditions is homo-

geneous within groups but varies across different groups.! Accordingly, we define V), =
{leD:ay=0}and I, = {l € D : ajy # 0} for each group k € [K"]. Define

Zo={(i,§) € IN] x [N] : k (i) = k (j) and i < j},
2= {(i,5) € [N] x [N] : k(i) # k (j) and i < j}, (4)

to represent the sets of observation pairs within the same group and across different groups,
according to their true latent group memberships, respectively. The notation of Z; and Z;
is particularly helpful for rigorous analysis of the asymptotic properties of the estimator that

will be proposed in Section 2.3 based on the adaptive fused Lasso penalty. Let

= min H5D 5?
(1,J)€21

: 0 0
NT = min ||a — /|
P 1<k<k'<KO K K

which delineates the minimum degree of separation between groups, a measure that is per-

mitted to approach zero as the sample sizes N and T increase.

Remark 1. Define the matrix 1% = (81,62,...,6y)", the group membership matrix
XLp

A = (M), and the loading matrix A = (o, an,...,ak). Consequently, in matrix

NxK LpxK

notation, we have D = A A’, which reveals a low-rank factor structure, as highlighted in the
works of Ma et al. (2022); Chetverikov and Manresa (2022); Bonhomme et al. (2022). Within
this framework, \; represents the factor loading, while ay;, denotes the latent factor. The
interconnection between these two strands of literature and their implications for directions

of extensions are briefly discussed in Remark 10.

Tt is a direct extension to allow the structural parameters 8; to be heterogeneous and share the latent
group structure with the slackness parameters §;. In this case, (1) and (2) are modified to E [gs (24, 0;)] = 0,
which is fulfilled if and only if 8; = 89, and E [gD (zlt,Bl)] = §;. Denote 3; = (0,8!). We impose the

)
latent group structure on 8; by modifying (3), 8 Zk a1 {ie Gy}t = ak(l), where af # a? for all
j # k. With minimal modification, we can propose the penalized GMM estimator for 3 and develop the
same set of asymptotic properties as in Section 2.3 and 3.



The primary objective of this study is to facilitate the efficient estimation and inference

of 8°, alongside the detection of the group structure G and the validity parameters oy, for
ke [K"].

2.2 Motivating Examples

Example 1 (Measurement Errors and Linear IV). Consider a first-differenced linear

panel model, articulated as
Ay = 0°Azy + Aeyy,

where ¢ indexes individuals in the set [N] and ¢ denotes time periods within [7]. The
researcher is concerned about the endogeneity of Ax;; caused by possible measurement errors,

and identifies 6° by an exogenous IV, zs ;;, satisfying
E [2s (Ayi — 6°Azy)] = 0. (5)
In addition to zg;, suppose there exists an alternative measure to x;;, Z;, such that

Tit = x;t + Ui + ViVi, Vi = 1 {Z € Nl},
fit = x;t + az’t +§iait, ?Z =1 {Z € Nz},

where z;, is the latent explanatory variable, with E (Aey | Azj,) = 0, measured by ob-
served proxy variables z;; and Z;, u; and u; are classical measurement errors such that
E (Aei | Auy) = E (Aeyy | Auy) = 0 while v and v are nonclassical measurement errors
that are correlated with the structural shocks Ae;; and consequently the source of endogene-
ity. N1, N C [N] denote the set of individuals for which the proxy variables, x;; and Z;, are
endogenous due to the entering of v;; and vy, respectively. Let zp; = (Axy, AZ;) and we

then have the set of doubtful moment conditions,?

E [Zp,it (Ayit - eoszt)} = 0,

2If A is exogenous, the generalized least squares (GLS) estimator, which can be constructed as GMM
estimator based on (5) together with E [Al‘it (Ayit — 90Axit)] = 0, is consistent and efficient. We can
include Az;; in zp ;+ to check the exogeneity of Az;y.



where

(5,6, ifieNyNNa,
(61,0)" if i € N1\ N,
( ,52)/ ifiENQ\Nl,
L (

,0) otherwise,

0
0
and 0; = E (Av;Agy) # 0 and 62 = E (A0 Aeyy) # 0. 9; exhibits a group structure as in
(3) capturing the heterogeneity of the validity of moment conditions across individuals. In a
concrete empirical context, consider a simplified labor supply model, as in Liao (2013), that

is specified as follows®
Alog (yi) = 0°Alog (zy) + Aeyy,

where y;; denotes the annual hours worked, z;; represents the hourly wage rate and the pa-
rameter 0° captures the inter-temporal substitution elasticity of labor supply in response to
evolutionary changes in wages. As discussed in MaCurdy (1981); Altonji (1986), researchers
are concerned about measurement errors in A log (x;;), which cause the OLS estimator to be
inconsistent. MaCurdy (1981) suggest employing a set of family background variables (par-
ents’ education; parents’ economic status when the individual is young; education, age and
interaction between education and age) as IVs, whereas Altonji (1986) advocate alternative
wage measures 7;; to construct IVs.? The set S can be formed by including IVs for which
there is a higher degree of confidence in their exogeneity, such as the economic status of the
parents as in Liao (2013), and we investigate the potential group structure of the validity of
moment conditions by including Alog (), Alog (Z;) and other IVs proposed in MaCurdy
(1981) in zp 4.

Example 2 (Dynamic Panel). Consider the dynamic panel model
Ay = eoAyi,t—l + Acgyy,

i€ [N]andt e [T]. Ay;r—1 and Ae; are naturally correlated, which leads OLS estimator to
be inconsistent. Suppose ¢;; is distributed independent across ¢ and has no serial correlation,

then y;;_9_;, 7 =0,1,--- ¢t — 2 are valid instruments for Ay, ,_; (Arellano and Bond, 1991)

3We abstract the time-varying constant term from the model presented in Liao (2013) for illustration
purposes.

4As also summarized in Liao (2013, Note 11), ;; is constructed by dividing the annual labor income of
individual 7 by the annual labor supply and gross national product (GNP) price deflator in MaCurdy (1981);
Altonji (1986). x;; is the hourly wage rate of individual 7 if the person is paid on hourly basis in Altonji
(1986).



satisfying IE (y; 2 jAYi¢—1) # 0 and
E (yi,t72fjA5it) = 0.

The validity of the moment conditions relies on the no serial correlation assumption on the
error term. In fact, the moment condition is still valid when the error term e; is serially
correlated up to the order of j. If j is large, i.e. the lagged term is further from the current
period, the validity is more robust. However, as noted in Arellano and Bover (1995) and
Blundell and Bond (1998), the moment conditions in (6) may contain weak information
about the structural parameter °, particularly when €° is close to 1 and j is large. There is
a natural tension between the validity of moment conditions and the identification strength

of the structural parameter. In practice, we can construct the S set, i.e.

9s (zit; 0) = [Yig—2-j (Ayi — eAyi,tflﬂj:j... 42 (6)

and use [y; 2] 7 as instruments to form the D set.

j:0717"' ’
We can derive additional moment conditions to form D by imposing more restrictions on

the data-generating process. For example,

E (yitAgitp1 — Yipr1Di440) =0, =1,2,...,T =2
]E(giAgi,t-l—l):Oa t:1727 7T_]-a (7)

where & = T7' 3/, 4, hold under homoskedasticity across time E (%) = ¢? (Ahn and
Schmidt, 1995). However, the homoskedasticity assumption may not hold uniformly across
unit 4, say E (¢2,) = 02 + ~,w;;, where v; = 1 (i € N) for some subset of individuals N' C [N]
and w;; captures the heteroskedasticity across t. Additional linear or nonlinear moment con-
ditions can be derived under homoskedasticity or initial condition restrictions (Arellano and
Bover, 1995; Ahn and Schmidt, 1997; Blundell and Bond, 1998) and verifying the underlying
assumptions may not be easy in practice.

In this scenario, our method accounts for the heterogeneity of the validity of moment
conditions across individuals to robustly estimate the autoregressive parameter and also

provides a procedure to test the validity of assumptions underlying the moment conditions.

Example 3 (Shift-share (Bartik) IV). The shift-share IV has become increasingly pop-
ular in empirical studies. Recent developments including Borusyak et al. (2022), Goldsmith-
Pinkham et al. (2020) and Adao et al. (2019) provide theoretical justification of the shift-
share IV. As shown in Goldsmith-Pinkham et al. (2020) that the Bartik IV estimator is

equivalent to the GMM estimator with industry shares as [Vs and a specific weight matrix.
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Consider the model with N locations, 7" time periods, and J industries,
yir = Oz + €a,

where the endogenous variable employs the accounting identity z;; = Z;f:l 5i;tVijt, and the
location-industry-time shift can be decomposed as v;j; = vj; + v;j¢, where vj; is the industry-

time shift and v;;; is idiosyncratic shock. The shift-share IV is constructed by

J
Zit = Z Sij0Uj¢, (8)
j=1

which is the inner product of initial shares and aggregated level industry-time shifts. A
notable example is provided by Autor et al. (2013), who investigate the causal impact of
increased import penetration from China on local labor markets within the United States.
In their analysis, the endogenous variable z;; quantifies the local exposure to the surge in
imports from China, s;; represents the employment share of the manufacturing industry j
within location ¢, measured a decade prior to each period ¢, and v;; denotes the growth of
imports of products in industry j from China into the eight comparable economies over the
period t.

The validity of the shift-share instrumental variable (IV) hinges on the exogeneity of
either vj; or s;jo, with the other variable being treated as fixed. However, the exogeneity
assumption may not hold for each location-industry pair (7, j) since locations have different
industrial structures and local amenities. In this case, the IV constructed in (8) by com-
bining all industries for all ¢ can be invalid. For instance, considering a scenario where the
geographical location is Silicon Valley and the analysis incorporates the technology sector
as part of (8), it is not plausible that the exogeneity condition holds. Consequently, it is
crucial to select suitable subsets of industries for different groups of locations to construct

valid shift-share IVs. In practice, we can construct the set of IVs as

ZSit = E Sij0Ujt and Rlit = E Sij0Ujt,

JETs JETSUT,

where Js is a subset of industries for which the exogeneity condition holds based on prior
knowledge or empirical evidence, and we add more industries in 7, | € [Lp|, to construct
additional IVs whose validity is subject to detection. Denote zp ;; = [zm,g]lL:Dl. It is expected

that the validity of constructed IVs is heterogeneous across locations.
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2.3 Penalized GMM Estimation

To facilitate understanding, we introduce the following notations. Let

Z79) _ gs (z70>
o ow0m-| ;

—~

gp (Z, gp (Zae) -

m(z,0) = [gs

represent the moment functions with and without slackness parameters, respectively. Cor-

respondingly,

m; (0) =K [m (Zit; 9)] s Gi (07 6) =K [g (zita 97 5)] )
ms,i (0) = E[gs (zit,0)], mp,i (0) = E [9p (i1, 0)] -

The empirical counterparts are denoted as

A~
)

m; T

g \Zit, Oa 61) ’

o~

msr

m zit70> ) @‘,T (9>5z‘) ==
0)

Zit,0), mD,i,T (9) = (Zita 9) .

1 <& 1 <&
0= £ L
t=1 t=1
1 & 1 <&
(0>_TZQS( —Tng
=1 t=1
We also define the Jacobian matrices as

Oms,; (0)

I'si(0) = 0

L, (8) = 00 (0) Ts(0) OLgury ] |

LT, (0) =
06’ ®) [FD 6) —I.,.1,

We propose the penalized GMM estimator,

<§, 13) = argmin @NT (0,D) + Py, 4, (D), (9)

0cO, DeOsN

where

Qnr (6, D) ZQ,T (6.9))

Qir (0,8) = Gir (0,8, Wirgir (6,8,),
N Lp

Povo (D)= 22N S il + X5 S 18- 11 (10)

i=1 1=1 1<i<j<N

and W, ¢ is a positive definite weighting matrix.

The penalty scheme Py, 4, (D) integrates a variant of the adaptive Lasso penalty (Zou,
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2006; Cheng and Liao, 2015) and the pairwise adaptive fused Lasso (PAFL) penalty (Mehra-
bani, 2023) with the adaptive weights w; = S '

preliminary consistent estimator D, where k1, kf > 2.

f
and fi;; = based on a

The adaptive Lasso penalty is designed to differentiate the valid and invalid moment
conditions by shrinking the slackness parameter d;; associated with valid moment conditions,
l € V;, to zero while leaving d; stay away from zero for [ € Z;. In the case of valid moment
conditions, i.e. [ € V;, the adaptive weights w; tends to be large since 52-5 is close to zero
by its consistency, which imposes heavy penalties to ensure gil =0 for [ € V;. In contrast,
invalid moment conditions are subject to small penalties so that they are asymptotically
associated with nonzero estimated slackness parameters.

We employ the PAFL penalty to achieve the classification of individuals based on the
validity of moment conditions. The penalty encourages §; = §; if 7 and j belong to the same
group, i.e. §Y = 5?. The adaptive weights fi;; works similarly as w; following the intuition
of the adaptive Lasso (Zou, 2006).

Remark 2. It is also possible to utilize other methodologies to handle the latent group

structure. For example, we can consider the classifier-Lasso (Su et al., 2016),

=

Py (D, A) =

c

N K
S TT 16— el

=1 k=1

= |

The estimation with the classifier-Lasso penalty, even associated with convex moment con-
ditions, is a non-convex optimization problem. The numerical solution is approximated by
solving a sequence of convex optimization problems (Gao and Shi, 2021), which is compu-
tationally expensive, and the convergence is not guaranteed. Furthermore, the number of
groups K is a tuning parameter, in addition to the regularization parameter 1., that needs
to be selected in advance. On the contrary, the PAFL penalty is convex and relies on a single

tuning parameter 1) to control the strength of the penalty.

2.3.1 Preliminary Estimator

Consider the GMM estimator using moment conditions in S for initial estimation of 8°

and the plug-in estimator for §;,

0 = arg min s yr (8) Wiritis.nr () and 8; = iip,; 7 (9) , (11)
0cO
for i € [N], where ms yr (0) = N7* ZZ 1 Mms,ir (0) and Wi is a positive definite weighting

matrix. Denote D = (51, 8y, - 5N) . The asymptotic properties of D will be developed

13



in Lemma A.l in the appendix.

9; — 8?

Remark 3. In the asymptotic analysis, only the convergence rate maxj<;<n ‘

O, ((LTD)5 (logT )3> is required. If the moment conditions in & strongly identifies 8, then
d; defined in (11) is v/ NT-consistent, when Lp is fixed, for 87, which much faster than the

required rate. Weakening the identification strength will slow down the convergence rate of
d;. In this sense, our method can allow moderately weak identification of moment conditions
in § and still achieve regular convergence rate if we have strong identification of moment

conditions in D.

3 Asymptotic Properties

This section is devoted to investigating the asymptotic properties of the penalized GMM
estimator introduced in Section 2.3. Initially, we outline the assumptions necessary for the
estimator’s consistency and proceed to derive the convergence rates of 0 and gz Subse-
quently, we establish the consistency of classification and moment selection, in the sense
that the estimated group structure and the selected set of moment conditions for each group
coincide with the true underlying sets with probability approaching 1. In the final part of
this section, we study the asymptotic distribution of the penalized GMM estimator and its

oracle properties. Detailed proofs are relegated in Appendix A.1.

3.1 Consistency and Preliminary Rate of Convergnce
To begin with, we introduce the following regularity conditions.

Assumption 1. (i) z; = {zy : t € [T} are independently distributed across i. For each

i, z; is stationary strong mizing with mizing coefficients a; (-), where

a()= Sup max a;(")

satisfies a(s) < c,r® for some ¢, >0 and r € (0,1).
(ii) 6° lies in the interior of a compact set ©.

(11i) There exists f (zit) s.t. supgee ||m (2it,0)|| < f (zit) and
lm (2, 0) = m (2, 0) || < f(za) |0 - O],
for all 0,0 € ©. E|f ()| < oo for some q > 6.

14



(i) N = O(T% ") where q > 6 is the constant in (iii).

Remark 4. Assumption 1 is comparable to Assumption Al in Su et al. (2016), which is
essential to guarantee the convergence of the sample moments to the population moments
uniformly over the parameter space and 7 at a desired rate, which is formally shown in Lemma
A.1. The observations are assumed to be cross-sectionally independent and the dependence
across t within each ¢ is controlled by a mixing condition as in Assumption 1(i). Assumption
1(ii) regulates the parameter space. Assumption 1(iii) imposes a Lipschitz bound on the
moment functions. Alternatively, one can follow Bonhomme and Manresa (2015); Liu et al.
(2020) to impose tail conditions on f (z;) directly. Finally, Assumption 1(iv) specifies the
relative growth rate of N and T depending on g > 6.

Assumption 2. (i) ms,; (0) is continuous in @ for all i, and for any € > 0,

inf mi inf ||, (0 ‘
Hl\l/ IISI%ISDNHQ,ISO‘bGHmSJ( )” >0

(ii) 03] < C fori € [N] and | € [Lp).

(iii) There exists a sequence of constants Tr — 0 with 7.1 = O <T%> and a fived constant
n such that
sup ||z (8) —m; ()] = O (1r)
16—6°||<n

fori € [N].

(iv) There exist nonrandom matrices W; yr and some constant c,,, Cy, > 0 such that

Pr (max |WinT — Wi|| > e) =o0(1)
1<i<N
for any € > 0, and

Cp < inf min o, (W) < sup max oy (W) < Cy.
N 1<i<N N I<i<N

v) m; (0) is continuously differentiable for any 0 in the local neighborhood of 8° € © for
(v) m; (

all ©, and there exists a constant cp, Cr > 0 such that for some n >0

. . . . ' I < ' ' '
0 < I o e, Oon (T OV T 0)) <p o, sup e (T OV T4 (6)) < Cr

Remark 5. Assumption 2(i) ensures the structural parameter € is identifiable by the mo-

ment conditions in S as in (1). Assumption 2(ii) imposes a compactness condition on the true
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parameter §°, which is essentially assuming the existence of moments for moment conditions
in D. Assumption 2(iii) is a high-level condition on the convergence rate of the empirical
process indexed by the moment function m (z;, @). When the number of moment conditions,
L is fixed, standard empirical process theory for dependent data implies 7 = T3 (Dehling
and Philipp, 2002). The 77 is introduced for an increasing number of moment conditions.
Cheng and Liao (2015, Lemma D.1) provides sufficient conditions for 7 = \/ﬁ to hold.
Assumption 2(iv) imposes regularity conditions on the weighting matrix as in Su et al. (2016,

Assumption B1(iv)) and (v) regulates the first-order derivatives of the moment conditions.

1 1
Assumption 3. Let ey = (£2) 2 (log T) and snp = (22) (log T)**" for some v > 0.

(i) (Pnr V Cyr) 2evr = o(1).

- -1 _1

(it) Yy =0 (LDQ/)';{TTT> and 1 = O (LD 2<]’f,lTTT>.
Remark 6. Assumption 3 is a set of rate conditions. As shown in Lemma A.1 and Theorem
2(i), the rates syr and sen7 controls the uniform convergence of the preliminary estimator
defined in (11) and the penalized GMM estimator, respectively. Assumption 3(i) ensures
that the estimators converge to the true parameters faster than the minimal degree of group
separation py7 and the minimal degree of misspecification (yr so that we can still correctly
separate different groups and identify the invalid moment conditions based on gl even when
pnt, (v — 0. Assumption 3(ii) specifies upper bounds on the tuning parameters ; and

1y to ensure that the penalty scheme cannot dominate the GMM objective so that the

consistency of the penalized GMM estimator pertains.

With the assumptions outlined above, we can derive the rate of convergence of the pe-
nalized GMM estimator @ € R” and D € RL2*N in the following Theorem.

Theorem 1. Suppose Assumption 1 - 3 holds, then

(i) Hé—OOH = O, (rr) and ‘ 5, - &

= O, (rr) fori e [N].

(i) N7' S0

Remark 7. Theorem 1 establishes the pointwise and mean square convergence ZS\Z As

5 — 50)]2 =0, (r3).

shown in (A.16) in the proof in Appendix A.1, the rate of convergence depends on ayr =
¢y (max( jyez, ;) and byr = ¥y maxi <<y ||Wiz,
element wy, for | € Z; = {l € D : Y # 0}, in addition to 77, which is comparable to the
results in Cheng and Liao (2015, Theorem 3.2) and Su et al. (2016, Theorem 2.1). With
Assumption 3(ii), we can simplify the results as in Theoreom 1 by showing anr = O, (7r)
and byy = O, (17).

, where w; 7, is the subvector of w; with
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3.2 Classification and Moment Selection Consistency

In addition to Assumptions in Section 3.1, we further introduce the following assumption.
_1 _1
Assumption 4. (i) ;=0 <p?\fTLD2%]2VT> and P, = O (QJ’?}TLDQ%ZVT)

(ii) v = o ((rrv/Tosy) ™) and vt = o ((rr3r) ™).
(iii) Hmy oo ming << g0 Ng/N — T € (0, 1).

Remark 8. As we will see in Theorem 2, the classification and moment selection consistency
relies on the uniform consistency of the penalized GMM estimator across ¢, which is a stronger
result than Theorem 1(i). Consequently, it necessitates a more restrictive upper bound on the
tuning parameters 1y and 1y in Assumption 4(i) than that in Assumption 3(ii). Assumption
4(ii) delineates lower bounds for ¢; and ;. This ensures that for any (i, j) € Z, and [ € V),
1y and 1y, in conjunction with the adaptive weights ji;; and w;, levy sufficiently heavy
penalties on ||§; — d;|| and |d;|, respectively, which is imperative for the consistency of the
classification and moment selection. The upper and lower bounds for the tuning parameters
also hinge on the range we can allow for (7, pyr and the number of moments Lp, and
guide the choice of k; and xy. Consider the case where 7 = LWD. Let (np = T7% |
pnt = T~% and Lp = T?* take polynomial rates of T' for some ¢¢, ¢,, ¢, > 0. It is required

that % = 0, (1), which leads to § — 2 (1 — 2¢¢ — ¢r) 51 < 0. With k; = 2, we can

K1 173 =2
NTLlp™ ZNr

allow

20¢ + o1 < % (12)

Similarly, we can derive conditions for r, ¢, and ¢, that (5 + %L) —1(1—=2¢,—¢r) ks <0,

which call for a large choice of ky. With k; = 3, we can allow
30, + 201 < 1. (13)

With (12) and (13), Assumption 3(i), which requires ¢, + 2 (¢¢ V ¢,) < 1, is automatically

satisfied under the current setting.

Remark 9. In instances where the degree of misspecification of moment conditions is mini-
mal, as indicated by a large value of ¢, or when groups are not well separated, i.e. ¢, takes
a large value, our methodology may not consistently identify invalid moment conditions or
accurately discern the underlying group structure. Moreover, as we shall show in Theorem 2,
the penalized GMM estimator can detect invalid moment conditions up to the rate of conver-

gence 7 while it fails to achieve consistent moment selection when (yr =< \/LT’ which is the
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case when the moment conditions are locally misspecified for at least one group. These intri-
cacies prompt the exploration of robust bias-aware inference techniques in future research.
Armstrong and Kolesar (2021) propose bias-aware confidence intervals, in the presence of
local misspecification at v/T-rate, that can be constructed by taking the GMM estimator
and adding and subtracting the standard error times a critical value that takes into account
the potential bias from misspecification of the moment conditions. It is a fruitful direction to
consider the post-regularization estimation as in (18) and constructing bias-aware confidence

intervals for the structural parameters following Armstrong and Kolesar (2021).

Remark 10. As noticed in Remark 1, the group structure admits a factor structure D =
AA’. The approximate moment conditions with ay, = \/LT for a constant ¢ # 0 for some
[ € [Lp] corresponds to weak factor issues in the interactive fixed effects models, for which

the robust inference method is investigated in the recent work by Armstrong et al. (2023).

Remark 11. Assumption 4(iii) imposes the condition that no group has an asymptotically
trivial size, which is a convenient handle for the technical derivation. At the cost of cumber-

someness in notations and derivations, we can relax this condition to allow for m,;, = 0.

Now we are readily to establish the following theorem, which directly implies classification

and moment selection consistency which will be elaborated in Remark 14.

Theorem 2. Suppose Assumption 1 - J hold, then as (N,T) — oo,

(i) max;<i<n ‘ b — 8| = O, (senT) -
(ii) Pr (maX(i,j)ezo 5 — 5\] > O) — 0 and Pr (min(i,j)ezl 5, — Sj > ()) 1.
(iii) Pr (maX1§i§N maxjey, O] > O) — 0 and Pr <min1§i§N mingez, oul > 0) — 1.

Remark 12. As in Appendix A.1, we show the first statement of Theorem 2(ii) in the first
place by investigating the Karush-Kuhn-Tucker (KKT) conditions of (9) and making use of
Assumption 4(ii). With this result, for any ¢ € [N] such that ‘ 8 — )

0; — 5?” > syt for all j € G, which is essential to prove the uniform consistency in
Theorem 2(i). It is then guaranteed that we can separate different groups and detect invalid

> N7, We have

moment conditions up to the rate syp. Together with Assumption 3(i), we can show the
second part of both Theorem 2(ii) and (iii).

Remark 13. Mehrabani (2023, Theorem 3.2) claim a similar results to the first statement
in Theorem 2(ii). However, the proof in Mehrabani (2023) actually attempts to show

5.3,

JEGk()

Pr<min >0)%O
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as (N, T) — oo for each individual ¢ € [N], which is neither a proper notion of classification
consistency nor a property uniform over . Since the uniform consistency is not established
in Mehrabani (2023), the second statement in Theorem 2(ii) is not guaranteed and hence the
classification consistency is not established as claimed therein. The proof in A.1 can serve

as a remedy in their setting.

Remark 14. Denote
Zy= {(z’,j)e [N] x [N]:&:Sj,fzq} andZ\l:{(z’,j) e [N] x [N]:Sﬁégj,z’<j}.
Theorem 2(ii) shows that

Pr <ZO C 20) — 1, Pr (Zl C 21) — 1, (14)

as (N,T) — oo. By triangle inequality, Theorem 2(i) and the rate condition Assumption

3(ii), we have

Pr( max |87 — 6% > pyr | <Pr| max |8 -9, +]&—59 +]3j—5§? > onr
(1,5)€20 (1,5)€20
gPr(maX ’&-—5? sz—T> — 0,
1<i<N 2

as (N, T) — oo, which implies that Pr <§0 - ZO> — 1 and together with (14), we have

Pr (20 =2y, 2 = Zl> S 1as (N,T) = oco. (15)

Similarly, Theorem 2(iii) implies
N A~
Pr (ﬂ {Vi - v}) S 1as (N,T) — oo, (16)
i=1
where V; = {l € [Lp] : 6; = 0}, for i € [N].

Let {&1,&2,--- 76%?} be the distinct values of {31752,--- ,3]\;}. For k =1,2,--- ,}A(,

let QAk = {z € [N]: 31 = ak} and % ={l €D : ay = 0} denote the estimated group mem-
bership and the set of selected moment conditions for group k, respectively. We formalized

the classification and moment selection consistency in the following corollary.
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Corollary 3. Suppose Assumption 1 - J hold, then

KO KO
Pr({K =K"1) =1, Pr ék:g(k)>%1and13r< 17;@:12(;9))%1, (17)
(R (T N {Pe=v}
as (N, T) — oo, where {(1),(2),---,(K°)} is a suitable permutation of [K°].

Corollary 3 can be directly implied from Theorem 2 and Remark 14. Note that 20 C 2
implies K° < K and Zy C Z, implies K < K°. By (15), we have the consistency of the
estimated number of groups. With K = K°, Z, C Z, implies Gy C G, for k € [K°] and
{(1),(2),--- ,(K")} is a permutation of [K]; conversely Z, C Z, implies G C G, for
k € [K°], which implies classification consistency. Together with (16), we have the moment

selection consistency.

3.3 Asymptotic Distribution

Under Theorem 2 and Corollary 3, &y, = 0 w.p.a.l for k € [K?]. Tt remains to develop
the asymptotic distribution for  and ay,z,. Denote B) = (8%, a%lk/)/. For oy, 7 € R|I’“|,

denote oy, € RY? with a7, = apz, and @y, = 0. Let

T

(k) 1
gz(T (0 aka) = fz
t=1

gs (zita 0)
gp (2it, 0) — ay,

We define the post-regularization estimator B}?O“, ke [I? }, as

!/

ost’ ~pos ! : ~(k) ! g
<0p t aizt) = argmin ZQET <0vak,fk) Wi Nt ﬁZgET) (g’ak’jk‘) ’

Z ~
0€0,0a, 7 e@' | k icG k icGy

and we let IBPOSt (Opost azost )
Ty,

Assumption 5. (i) Let Uy = m;r (0) — ;1 (0). There exists a sequence of constants
s — 0 such that
[Vi7(61) — Vir (62|

sup : . = Op(sr), (19)
01.0,c(00:|0-00|<nrt T3 + |16 — 0, P

for some sequence ny — 0 with ny 70 = o (1), Vi € [N].
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(ii) For k € [K°], define the variance of the moment conditions as

1
Q=

~|

T T
ZZE [g (zit,HO, 6?) g (zis, 0°, 6?)’] and Q= lim N ! Q; 7,
t=1 s=1

(N,T)—00 ‘
1€G

and the Jacobian matriz is

N
I's(68°) 0
R
N—oo FD(BO) —Tk

i=1

where ¥ = diag (v) in which vy, = —tz,| and vy, = Op,|. Assume that £, and T

exists and

C < Omin (Qk) S Omax (Qk) < Ca

C < Omin (I‘;I‘k) < Omax (F%Fk) < C,

for constant ¢,C > 0, for k € K.

(11i) Assumption 2(iv) holds with W; yr and W; replaced by Wy, yr and Wy, respectively,
for k € [K"].

. . d
(iv) For any v € R*? with [|y]| =1, o' («% > icgy doie1 9 (it 6, oz%)) = N(0,7').

(v) VLpT? =0 (T_%> and ¢rTr = 0 (T‘é)

Remark 15. Assumption 5(i) restates the stochastic equicontintuity condition in Cheng
and Liao (2015, Assumption 3.5). The rate of convergence ¢ is introduced to accommodate
a diverging number of moments Lp. If Lp is fixed, we can replace the right-hand side of
(19) with o, (1). Cheng and Liao (2015, Lemma D.2) provides primitive low-level conditions
under which (19) holds with ¢p = y/Lp/T. Assumption 5(ii) and (iii) regulate the covariance
of the moment conditions, the Jacobian matrix and the weight matrix. Assumption 5(iv)
assumes the Lindeberg-Feller central limit theorem holds for the moment conditions, for
which Su et al. (2016, Lemma S1.12) provides verification details based on the same set of

Assumptions.

Theorem 4. Let ), = (D\W;.Ly) ! (T W QW) (DW,.Ty) "' For any v € Reot/Zl
with [|y|| =1,

2pos d
NkT’Y'< o —ﬁ?k)> = N(0,7'%1y),
as (N,T) — oo, for all k € [K°], where {(1),(2),---,(K%} is a suitable permutation of
[K"].
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Remark 16. The post-regularization estimator has the same asymptotic distribution as
the infeasible estimator based on the true group membership and the set of invalid moment

conditions being known, i.e. it possesses the oracle property.

4 Monte Carlo Simulation

In this section, we evaluate the performance of the proposed penalized GMM estimator

with simulation experiments.

4.1 Simulation Design

DGP 1 (Linear IV Model). The structural equation is given by:

Yir = Oz + 551?),

for i € [N] and t € [T], where 51(»? ) is the structural error and ; is an endogenous regressor.

The reduced-form equation for the endogenous variable is:

/ (1)
Tit = 2y T €y’

where agtl ) is the reduced-form error. z;; € RY is a vector of instruments. Let

(0)
g, 1 p

( (t1)> ~ N <O2><17 ( E)) )
Eit pe 1

and
Zit] = 51'555150) + /1 =07 Zits,
L pz p: v p2
p. 1 p. ... p,
where 2 ~ N (0px1,%.) and X, = | p. p. 1 ... p.|. The non-zero correlation be-
P Pr Pr ... 1

tween 65? ) and 51(2 ), pe, is the source of endogeneity. |p,| > 0 ensures the relevance conditions

hold for each instrument z;. There are 3 groups, i.e. K° = 3. Denote N}, as the number of
observations in each group and let Ny : Ny : N3 = 0.3 : 0.3 : 0.4. The validity of instruments
is characterized by D = (81,0, -+ ,0y) € RV*L where D = AA’, where \y, = 1if i € G,
and )\, = 0 otherwise, for i € [N] and k € [K°]. A = (a1, as, a3), where o = 0 for all
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k=1,2,3, a1o = 13 = Qg3 = g = g4 = a5 = 0, and we generate ayg; ~ unif (0.5,0.9) else-
where and fix it across replications. This means that the sure set S = {1} and V; = {2, 3},
Vo = {3,4} and V3 = {4,5}. In the experiment, § = 1, v = (\%,1,1,--- ,1), p. = 0.5,
p. = 0.5 and we fix L = 8. The v/T-rate in 7, weakens the identification strength of the

sure set of instruments.

DGP 2 (Dynamic Panel). Consider the following dynamic panel data model:

Yit = i + O0Yir—1 + €,

for i € [N] and ¢ € [T], where y; is the individual fixed effect, y;,—; is the lagged dependent
variable, and ¢;; is the error term. Let p; ~ unif(—1,1) and be fixed across replications.
Similar to DGP 1, we have three groups with Ny : Ny : N3 =0.3: 0.3 : 0.4. For i € Gy, the
error term g5 ~ i.i.d. N (0, 052); for i € Gy, the error term ¢;; follows a moving average process
of order 1 (MA(1)), i.e., €it = wy + pu;—1, where uy ~ ii.d.N (0,1); for i € Gs, the error
term ¢;; follows an MA(2) process, i.e., i = v +710; 11 +Y2Vi¢—2, Where vy ~ 1.1.d.N (0,1).
Note that groups 2 and 3 have serially correlated errors.

Consider the moment conditions corresponding to the Arellano and Bond (1991) estima-
tor. We construct the S set containing the moment condition that uses the lagged dependent

variable zs ;¢ = ¥; 5 as an instrument:
E (ZS,it (Ayit - 9Ayi,w&1)) =0,

and the doubtful set consists of the moment conditions that use zp ;i = (Vit_2, Vis_3, Yr_a)
as instruments,

E (zD,it (Ayit - eAyi,t—l)) =0,

where
031, 1€ Gy

di: (_paoa())/a i€g2'
(1 =0)y2 =7 — 1% —72,0),, 1€ Gs

In the experiment, we set § = 0.5, p = 0.7, 8 = (0.8,0.6)".

4.2 Implementation

In practice, we need to determine x; and k¢ and choose the tuning parameters v, and ;.
Throughout the simulation and application sections, we fix x; = 2 and xy = 3. Cheng and

Liao (2015) provide guidance on choosing the tuning parameters based on the asymptotic
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regime for moment selection. Following existing practice and the discussion in Remark 8§,
the tuning parameters are set as 1, = ¢; Var (y) 75 and Yy = c¢f Var (y) T~% based on
% ~ % according to the simulation design for the sake of computation. In Section 5, we
use the same guidance to choose ¢, and choose 1 based on the information criterion

10(y) = Qur (6,5 ) + onr (po + K¥/Lp) . (20)

where oy = cwlojg\gT with a constant ¢, adapted from Mehrabani (2023); Cheng et al.
(2023).

For a linear IV model, the optimization problem (9) is nicely convex. Leveraging the

modeling techniques summarized in Gao and Shi (2021), (9) can be formulated as a canonical
conic programming (QCQP) problem, which is detailed in Appendix A.2. Modern convex
optimization solvers, such as MOSEK (MOSEK ApS, 2024), can efficiently handle the heavy
lifting of solving the optimization problem. For the linear IV case, we can also extend
the alternating direction method of multipliers (ADMM) algorithm to the multi-block case,
given that we have one more penalty term. It is easy to verify the sufficient condition for the
convergence of multi-block ADMM provided in Chen et al. (2016). If (9) is nonconvex, we
can use the Gauss-Newton algorithm, which has been justified for nonconvex GMM problems
by Forneron and Zhong (2023).

As noted by Mehrabani (2023) and Wang et al. (2018), when 7" is small or the groups
are not sufficiently distinct, the PAFL penalty may create trivial groups with only a few
individuals. To address this, we follow the approach of Park et al. (2007), Wang et al.
(2018), and Mehrabani (2023) by setting a minimum group proportion of 5% and performing
post-estimation hierarchical clustering to eliminate these trivial groups. Additionally, the
criterion of classifying ¢ and j into the same group if SZ = gj is too strict in practice and

often results in many trivial groups. Therefore, we classify ¢ and j into the same group if

-5

4.3 Results

< €0 for a small tolerance €.

In the experiment, we consider sample sizes N = 50,100,200 and 7" = 25, 50,100 and
run 1,000 replications for each setup. Table 1 reports the bias and root mean squared error
(RMSE) of the estimates for the structural parameter of interest 6, as well as the finite sample
performance of classification and moment selection of the penalized GMM estimator. This
performance is measured in terms of the percentage of correct classification, the percentage
of invalid IV, and the percentage of correct number of groups. As the sample size T increases,

the precision of the estimator improves and the bias becomes negligible, which is consistent
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with the asymptotic properties. In addition, the penalized GMM estimator achieves a high
correct classification ratio and moment selection accuracy, which supports the classification

and moment selection consistency as proven in Theorem 2.

Table 1: Finite Sample Performance of the Penalized GMM Estimator

Classification Moment Selection
N T | Bias RMSE | % k(i) = k(i) % Invalid IV %K = K°
DGP 1 Linear IV Model (6 = 1)
50 25 | 0.023 0.193 79.4 6.8 97.5
50 50 | 0.005 0.065 94.8 1.2 99.2
50 100 | 0.003 0.027 99.2 0.6 100
100 25 | 0.016 0.154 78.2 4.2 98.2
100 50 | 0.002  0.063 94.4 0.9 100
100 100 | 0.003 0.022 99.6 0.2 100
200 25 | 0.008 0.152 7.3 5.3 95.7
200 50 | 0.001 0.056 95.1 1.4 99.6
200 100 | 0.002 0.015 99.3 0.8 100
DGP 2 Dynamic Panel Model (8 = 0.5)
50 25 | -0.019  0.097 82.4 5.2 97.6
50 50 | -0.007  0.037 98.8 1.6 99.2
50 100 | 0.002  0.023 99.5 0.3 100.0
100 25 | -0.011  0.086 91.6 4.7 96.3
100 50 | -0.004  0.033 99.1 1.1 99.7
100 100 | -0.001  0.019 99.8 0.1 100
200 25 | -0.01 0.065 90.3 4.2 96.5
200 50 | 0.003  0.024 98.9 1.2 99.4
200 100 | 0.001  0.012 99.7 0.0 100

. R 2
Notes: Generically, bias and RMSE are calculated by R~! Zf;l (9(7') - 90) and \/R—l Zle (G(T) - 90) )

respectively, for true parameter 6 and its estimate é(r), across R = 1,000 replications. We
0

relabel the estimated group with aj to the closest ) and compute the percentage of correct
classification by R~! Ef’:l N1 Zilil]l (iEQAk(i)). The percentage of invalid IV is calculated by
R™1 Zf‘:l 25:1 Te| " > e, L(@r #0). The percentage of correct number of group is calculated by

RITF 1 (f{ = K0>.

5 Empirical Application

China has experienced significant rural-to-urban migration over the past few decades,
driven by rapid economic growth and urbanization. Agricultural productivity plays a cru-

cial role in this migration process. This study aims to investigate the impact of agricultural
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productivity shocks, arising from extreme weather and other factors, on rural-to-urban mi-
gration in China. Understanding the relationship is critically important for rural households,
as encouraging migration out of less productive rural areas can yield substantial productivity
improvements and thus produce large welfare gains, as quantified in the recent literature by
Bryan and Morten (2019) and Lagakos, Mobarak, and Waugh (2023).

Specifically, we examine the following linear model,
migr,, = u; + Oprod,, + Bz + uy, (21)

where «; represents the village fixed effect, 6 is the parameter of interest that denotes the
effect of agricultural productivity, prod,,, on rural-to-urban migration rate, migr,,, and x;
includes control variables such as average household income (log transformed), income;;, and
the average household head’s education level, edu;;, within the village 7 at year t.

To address the potential endogeneity issues, we use weather conditions and agricultural
technology adoption as instrumental variables. The penalized GMM estimator is applied to

estimate the effects and examine the validity of available instruments.

5.1 Empirical Strategy and Data

We utilize a unique dataset, the National Fixed-point Survey, maintained by the Research
Center of Rural Economy (RCRE) at the Ministry of Agriculture of China, which annually
surveys 27,385 rural households in 293 counties across China and tracks agricultural pro-
duction and rural household migration behavior over more than two decades, from 1990 to
2013. It asks the sample households to keep a diary on their income, expenditure, as well
as detailed information on their economic activities including the agricultural inputs and
outputs at the household level. This dataset provides a comprehensive longitudinal view of
rural China.

The survey was intended to track the same households through time when it was first
conceptualized, but severe attrition is inevitable for such long panel survey covering the
most rapid changing periods in China (Zhang et al., 2014). In this study, we aggregate the
household-level data to the village level, focusing on the rice cultivation area, which results
in a sample of N = 79 villages across T" = 19 years (1995 - 2013). The data are further
merged with granular rainfall and temperature records from the weather stations closest to
the surveyed villages. These rainfall and temperature data were obtained from the China
Meteorological Data Service Center, which is an affiliate of the National Meteorological
Information Center of China. The data include daily records of maximum, minimum, and

average temperatures, as well as precipitation, from 2,423 weather stations across China.
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The summary statistics are reported in Table 2.

The outcome variable migr,,, rural-to-urban migration rate, is measured by the ratio of
the total number of rural-to-urban migrant workers over the size of the labor force in the
village ¢ and year t. This variable captures temporal migration as the migrant workers keep
their Hukou (household registration system) registration in the original county. We calculate
the agricultural productivity, prod,,, as the rice output divided by the total acreage of
farmland for each village-year observation. The cultivation of crops exhibits strong regional
characteristics. For instance, wheat is primarily grown in the northern regions, while rice is
predominantly cultivated in the southeastern areas. In this study, we focus on the villages
that adopt rice as the main crop to avoid the comparison among different crops.

Agricultural productivity is potentially endogenous in (21) due to omitted variable bias.
Several factors may not be fully accounted for even after controlling for the specified control
variables. These factors include public administration, demographic characteristics, trans-
portation infrastructure, price of input factors, and cultural aspects (White and Lindstrom,
2005). These can be broadly categorized into population, capital, and technology. For in-
stance, machinery adoption in agriculture can lead to automation and reduced labor demand,
which may not be captured adequately in the model.

To identify the causal effect, we employ two categories of productivity shocks as instru-
mental variables. The first category corresponds to extreme weather conditions including
temperature extremes and precipitation extremes, as in Minale (2018).

We use the cold temperature variable, cold;;, defined as the number of days with tem-
peratures below the lower bound of the optimal growth range for rice based on (Huang and
Zhang, 2024), to form the sure set of instruments. The choice is consistent with a substan-
tial body of literature examining the consequences of climate change (e.g., Colmer, 2021; Liu
et al., 2023; Cui and Zhong, 2024; Cui and Tang, 2024; Wang et al., 2024) where temperature
is considered exogenous.

We use the Standardized Precipitation Index (SPI), denoted by SPI,;, to measure precip-
itation extremes (Branco and Féres, 2021). An advantage of SPI relative to other indices is
that it can be compared across regions with markedly different climates. This is a crucial con-
sideration given the substantial climatic variations among the counties in our study. The SPI
has been successfully utilized by many researchers to study extreme climate events, including
droughts in Northeast China (Yu and Ma, 2022) as well as other regions globally (Angelidis
et al., 2012; Alsumaiei, 2020). The SPI is calculated using a long-term precipitation record
to measure the gamma distribution function, which is then transformed into a normal dis-
tribution. SPI values are expressed in standard deviations, with negative values below zero

signifying precipitation levels lower than the median, indicating drought conditions, and

27



positive values above zero denoting precipitation exceeding the median, characterizing wet
conditions (Edwards et al., 1997). As discussed by Mellon (2021), the exclusion condition
of precipitation can be violated in various scenarios. Rainfall impacts not only agricultural
productivity but also local infrastructure, environmental, and health-related variables, cre-
ating pathways for endogeneity. Specifically, Kleemans and Magruder (2018) and Pugatch
and Yang (2011) provide evidence that people may migrate in response to extreme rainfall.
Therefore, we classify SPI;; as part of the doubtful set.

The second category corresponds to agricultural technology adoption, which is measured
by the quantity of pesticides and fertilizers applied per acre of farmland. The variables are
labeled as pest;, and fert;. While technological advancements are often used as instru-
ments for production activities due to the exogeneity of their accessibility (e.g., Foster and
Rosenzweig, 1995; Bustos, Caprettini, and Ponticelli, 2016; Hjort and Poulsen, 2019; Gollin,
Hansen, and Wingender, 2021; Hjort and Poulsen, 2019), productivity shocks resulting from
technology adoption may be endogenous due to factors such as self-selection and unobserved
local heterogeneity. For instance, farmers who invest more in agricultural technology may
systematically differ from those who do not, often in ways that are correlated with pro-
ductivity, such as risk tolerance, access to credit, or education level (Foster and Rosenzweig,
2010; Bryan, Chowdhury, and Mobarak, 2014; Meriggi, Bulte, and Mobarak, 2021). Together
with SPI;, pest,, and fert; form the doubtful set. This approach allows us to leverage
the exogeneity of extreme temperature events while accounting for potential endogeneity in

precipitation extremes and agricultural technology adoption measures.

Table 2: Summary Statistics

Variable Mean S.D. Median
migr 0.23 0.18 0.21
prod 447.65 118.00  446.36
cold 198.57 39.60 197.00

SPI  -0.09 1.04 -0.14
fert 4.82 0.75 4.81
pest 1.15 0.76 1.00

income 9.97 0.73 9.85
edu 6.73 1.11 6.72

Notes: Variable labels are defined in Section 5.1. The sample size is N = 79 villages and T' = 19 years.
“S.D.” stands for the sample standard deviation.
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5.2 Results

We estimate the model (21) using three different estimation methods: 2SLS with only
the sure set of instruments, 2SLS with both the sure and doubtful set of instruments, and
penalized GMM with both the sure and doubtful set of instruments. The results presented
in Table 3 show the estimated effects associated with the standard errors. Firstly, including
instruments SPI and per acre usage of pesticides and fertilizers alters the results of the 2SLS
estimation with only the sure set of instruments, the extreme temperature variable cold;;.
It delivers a positive effect of agricultural productivity on rural-to-urban migration that is
statistically significant at the 10% confidence level. However, as we discussed in 5.1, and
also based on the moment selection from the penalized GMM estimator, the doubtful set of
instruments are potentially invalid, so the results can be misleading.

The estimates from the penalized GMM estimator are qualitatively consistent with the
2SLS with only the sure set of instruments, while the standard errors is substantially smaller,

which demonstrates the efficiency gain from including overidentifying moment conditions.

Table 3: Estimated Effects of Agricultural Productivity on Rural-to-Urban Migration

25LS (zs) 2SLS (zs and zp) P-GMM
Est. S.E. Est. S.E. Est. S.E.
prod (6 x 100 ) | -0.0062 0.0192 | 0.0057 0.0035 | 0.0021 0.0044
income (£ ) | 0.1355 0.0285 | 0.1466 0.0081 | 0.1735 0.0090
edu (B ) | -0.0912 0.0286 | -0.0804 0.0087 | -0.0863 0.0089

Notes: The left panel corresponds to the 2SLS estimation with only the sure set of instruments, middle panel
corresponds to the 2SLS estimation with both the sure and doubtful set of instruments, and the right panel
corresponds to the penalized GMM estimation with both the sure and doubtful set of instruments. “S.E.”
stands for the standard error for the estimates.

Table 4 provides insights into the validity of the moment conditions by groups. The table
reports the group structure detected based on the estimated slackness parameters. According
to the results, we can identify at least one more valid moment conditions for 67% of the
villages, which suggests imperfect instruments can still be informative when we properly
account for the heterogeneity in validity. In Figure 1, we visualize the group membership
of villages detected by the penalized GMM estimator. The groups demonstrate geographic
clustering while no clear pattern is observed between the outcome variable migration rate

and the group structure.
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Table 4: Estimated Moment Condition Validity by Groups

Slackness Parameter o, Group (%) | SPI; (o1) ferty (o) pest, (ous)
Group 1 (No Valid 1V) 32.9% 0.0066 0.0059 0.0054
Group 2 (SPI; and fert; ) 24.1% 0 0 0.0043
Group 3 (SPI; Only) 43.0% 0 0.0125 0.0155

Notes: The reports the group structure detected based on the estimated slackness parameters. The second
column reports the percentage of the villages in each group. The third, fourth, and fifth columns report the
estimates of the slackness parameters corresponding to the instruments in the doubtful set, respectively.

Figure 1: Group Memebership of Villages Detected by the Penalized GMM Estimator
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Notes: The villages are located in the map based on their latitude and longitude coordinates. The color of
the village indicates the group membership detected by the penalized GMM estimator and the size of the
scatter is proportional to the rural-to-urban migration rate, migr; 540, at year 2000.
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6 Conclusion

In this paper, we provide a unified framework for the selection of valid moment conditions
and detection of latent group structure based on the moment condition validity in general
nonlinear generalized method of moments (GMM) panel data models, which can accommo-
date a diverging number of moment conditions and group-specific heterogeneous validity of
moment conditions across agents. The proposed penalized GMM estimator is shown to be
consistent and achieve classification and moment selection consistency simultaneously. The
asymptotic distribution of a post-regularization estimator is derived, and its oracle prop-
erties are established. The finite-sample performance of the proposed method is evaluated
through a Monte Carlo simulation experiment. The empirical application demonstrates the
effectiveness of the proposed method in identifying the impact of agricultural productivity

on rural-to-urban migration in China.
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Appendix

A.1 Proofs of Main Results

We first introduce the following notations for simplicity of exposition in the proofs. De-
note ;v (0) == m;r (0) —m; (@) as in Assumption 5(i) and ELT (0) = Dy (0) Wi r (0).
In addition, denote Q, (8,8) = g, (8,8) W;g, (0,8). For any two sequences ay and by, let
any S by denote Cay < by where C' > 0 is some fixed finite constant, and ay 2 by denote
by < ay. With abuse of notation, we reuse the notation = to denote algebraic terms for

convenience of exposition.

Lemma A.l. Let zyr = /%2 (log T)*. &; is the preliminary estimator defined in (11).

—K

Wy = (5.1- - and fi;; = ’51 — 5j ! are the adaptive weights introduced in Section 2.5.
Under Assumption 1 - 3,

(i) maxi<i<n || (6) —m; (0)| = Op (Gent)

(ZZ) maxj<i<n ‘ 51 — (5? = Op (%NT)

(ZZZ) max; j)ez, /111] = Op (p;;“f> :

(1v) max;<;<y maxez, Wy = O, ( ](,;1) and maxi<;<y | Wiz || = Op (\/LDCK,:’F) where w; 7,

is the subvector of w; with element wy, for |l € I; = {l € [Lp] : 63 # 0}.

Proof of Lemma A.1. Part (i) restates Lemma S1.2(i) in Su et al. (2016) with the dimen-
sion of the moment function, Lp, diverging. By applying the proof arguments element-by-
element to |71 (8) — 71y (8)]°, we have the modified convergence rate sy with the new
term \/Lp showing up compared to the original rate in Su et al. (2016).

Part (ii). Note that we leverage on the identification of 8 with fixed dimensional moment
conditions ms; (@) = 0 to construct the initial GMM estimator for 8°, standard asymptotic
theory as in Newey and McFadden (1994) yield the VT rate of convergence, i.e. ‘ 0—0°

O, (T*%) By mean value theorem,

0 — 60 = Mp,r (é) — Tp, (9) + Tp, (é) — 7ip,; (6°)

i (0) 0 (0) 472, (6) 0 0).

39



where 8 is between 0° and 6. Then

=i (9) o (O]« (s e @) o2

< 0, Gint) + 0, (T73) = 0, (3ar)

max ‘ i
1<i<N

where the first line follows from triangle inequality and Cauchy-Schwartz inequality, and the

second inequality holds under part (i) and Assumption 2(v).
Si —Sj ’) ! . For (Z,j) € Zl and

Part (111) Note that Il'laX(iJ‘)egl /’LZ_] = (mil’l(id‘)egl
sufficiently large (N, T),

> min
(l j)€Z1

min
(1,5)€21

H50 5?” — H(& - 50> - (5] — 50)‘ ’ > pNT — 2 max ‘

1<i<N

(A.1)

by triangle inequality. By the uniform convergence in part (ii) and the rate condition in
Assumption 3(i), max(; jiez, ftij = Op (p]_v';f)
Part (iv). By parallel arguments as in part (iii), we have max; <;< y maxez, wy = O, ( X,’r}l),

max [z, | = 0, (VInGyi)

1<i<N

holds by noting that ||w; z,|| < v/ Lp maxjez, wy.

Lemma A.2. Under Assumption 1 - 3, 02 0° as (N, T) — o0

Proof of Lemma A.2. By the optimality in (9),

Qe (0.D) < Gur (0°.0°) + 5 Sy (J00 — 8 - |[3. 5,

1<i<j<N

)

) (A.2)

N Lp

(L

=1 [=1

Note that, gir (6°,8) = ;7 (6°) = m;r (6°) — m; (6°), then by Assumption 2(iv) and
Lemma A.1(i),

1 & R , -
QNT (6°,D°) = =N Z WVZ 7(6°) + 7,7 (6°) (WinT — W;) Dir (6°)
1 N _ ~ 0 2
SN Z (Umax (W/z) + “I/‘/i,NT - W’ZH) HUZ',T (3 )H

=1

40



< (Cw + max [Winr - VViH) (1r<ﬂia<>]<v |77 (6°) H)2
=(Cu+0p(1)) 0y (1) = 0, (1). (A.3)

The second term on R.H.S. of (A.2) due to the fused Lasso penalty is bounded by

% Z ,zij<}|6?—6? 5 )

1<i<j<N
Z% S SR A [ A (P
(9)€20 e

60

= N2 Z fui i < >
| N
< — A4
<V ((f??él h ”) <NZ’ ) (A4.4)
<0, (1/’fPNT V LD> = 0p(1)
where the third line follows from (reverse) triangle inequality, and the last line is due to

Lemma A.1(iii) and Assumption 2(ii) and Assumption 3(ii).
It follows from triangle inequality, Assumption 2(ii) and 3(ii) and &} = 0 for [ € Z; that

z/zlmaxzwd (193] - ><w1max{zwzl (W }

1l il

> — 1 Z g |0;
lev;

<t max Z Wy |69 — 0| by max Z ()
lETL; leT;
<y max sz | = o,(1), (A5

by Lemma A.1(iv) and Assumption 3(ii), which implies the third term of R.H.S. of (A.2) is
of order o0,(1).

Therefore,
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On the other side,

@NT (5 ﬁ) (miinamm (m>> (%ﬁ: . ‘ 2> +o,(1)

which implies

b @A) = B)+ [ 5) -5
s @)1= s @) - oo @) -mss @ r0

Combine (A.6), (A.7) and (A.8), we have

5 (0.5)

o (8)] -2 o . B)) o5 (5) - 5. 5

— min ||ms, (5) " 20, (1) 0,(1)

=min ||Ms,; (5) i + 0,(1),

2

: (A7)

2 BN
2 [ (9)

2

which follows from Assumption 1(ii) and Lemma A.1(i). Then, min;

e (8)] =

By identification of 8° imposed by Assumption 2(i), we reach the desired result 056 O

Lemma A.3 (Lemma B.1 in Su et al. (2016)). Suppose Assumption 2(iv) holds, then

Pr (CQ (%@Z (0,6;) — Ei,T (9)> < @i,T (0,6;) < Co (261 (6,9;) + 2§z‘,T (9)>) =1-0(1)

for @ € ©, 0; € ©5, where cg and Cq are positive constants with 0 < cg <1 < Cg < oo.
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Proof of Theorem 1. For simplicity, we denote

ant = Py ( (gl)aé Mm) and byr = Yy 11%11,254\7
where w; 7, is the subvector of w; with element wy, for [ € Z; = {l € [Lp] : 63 # 0}. By
Lemma A.1(iii) - (iv) and the rate condition Assumption 3(ii), we have ayr = O, () and
bNT = Op (TT).

Part (i). The proof is again starting with (A.2). From (A.5) and Cauchy Schwartz

inequality, we have

¢1iwil (‘5101‘ — 13u > < ‘ 8; (A.9)
=1
From (A.2), (A.4) and (A.9), we have
%IZ:: {@i,NT (67 &) — @i,NT <9A, 5?) — (anT + byT) (/s\z — &) } <0 (A.10)
By Lemma A.3, w.p.a.l,
O (35) 000 ()
_,56(55)—be(@$) (co+2C0) R (eyv. (A.11)
With sufficiently large (N, T),
Ror (8) =70 (6) Winir (8) < Cu[our (8) T20,(7), (A.12)

where the first inequality follows from Assumption 2(iv) and the last equality is due to
Assumption 2(iii) and consistency of 6 shown in Lemma A.2.

Similarly, with sufficiently large (N, T'), by first-order Taylor expansion, Assumption 2(iv)
and (v) and Lemma A.2

n(@2) -c.

g (A.13)

)

(A.14)

2(69)-

6—00‘

Joldl|

‘ < C,Cr
_fa-e]|’ e
T, (9) [&_501 ‘ > cyer (He—a()]
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where 5, 0 are between 6° and 6.

Combine (A.10), (A.11), (A.4), (A.9), (A.12), (A.13) and (A.14), we have

| XN
21l

i=1
which, together with Lemma A.1(ii) and Assumption 3(ii), implies

Note that with sufficiently large (N,T’) and consistency of 6, (A.13) implies

5, — &) 5, — &

2—(aNT+bNT)’ — 0, (72) - H5—00H2} <0,  (A.15)

6 — 8% <O, (71 + ant + byr) = O, (1) . (A.16)

Y

0(65) x[i-o

which further implies a twist of (A.15),

1 a n o||? n 0 < ol S 0 2
NZ{H9_0 —H0—9\+]5i—5i —(aNT+bNT)‘6i—6i —OP(TT)}go.
i=1
Plug in the rate of &; in (A.16), we have
Hé— OOH =0, (r7) (A.17)

which completes the proof of part (i).

Part (ii). Let D = D°+ 7;V where V = (v1,...,0n) € REPXN . Note that

1 & 2 1 &
S of|” _ .2 12
3l ()

and we want to show that

N

1 .

<D lwl =0, (). (A1)
=1

~ -1
For any D = D" + 77V with (N*1 Zf\il ||'vz||2> =o0,(1),

Y :
ve 2ot (180 + 7rvi = 8] — mrogl| - [|67 - 87]))




N Lp
U S i (154 ] - \53\>]

=1 =1
=ZiNT + ZoNT + E3 NT- (A.19)

The first term in (A.19) can be bounded w.p.a.l

EiNT ST ( i (0 &) + TT'Ui) - %i <§1T (5) + ﬁtz’,T (90)>>

=1

N
CQCwlr —2llp_ aoll? 2
2GS (oo o - 0um)

1=

N
1
>NZ||%||2+O,,(1), (A.20)
=1

where the first inequality follows from Lemma A.3 and Qyr (0°, D% = N1 Zfil ELT (6%,
the second inequality is due to (A.12) and (A.14) and the last line holds with the result in
part (i).

By (A.4), Assumption 3(ii) and Cauchy-Schwarz inequality, we have

e (W 3 (180 ] 18 e 6 )|

1<i<j<N

2 =T by <(max M%J) < Z “vzH) (1) (%Zl ||v1”2> . (A.21)

— |0u

2 = 7itbwr (% > ||vz-||) 2-0() <% > ||vz~||2> e

Combine (A.19), (A.20) and (A.21), for sufficiently large (INV,T),
73 | (@r (8.D) + Puvs (D)) = (Qur (8°.0%) + R, (D))

SOWMSEIOIED SRR REX
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>0 (A.23)

w.p.a.l since N71 Zf\il ||v;]|* is diverging, which implies {é\, ﬁ} does not minimize (9) and
hence (A.18) holds, which completes the proof of part (ii). O
Lemma A.4. Suppose the conditions in Lemma A.1 and Assumption 4 (ii) hold, then

(i) ¢flTT\/EmaX(i,j)ezo /:Li_jl =0, (1).

(ii) ;' max; maxgey, ;' = o, (1) .

Proof of Lemma A .4.

. . ||kr
¢f T/ L max ,uZJ —wf Try/ L m%}é 0, —0;
(4,4)€20
0 ; ol| V™
< ;L (Zr?go{ 8= 8 + |8 - 89|}
Sy 7’T\/L171flfla>("S o
< Y7y LpO, (5e307)
=0, (1), (A.24)

where we apply triangle inequality in the second line, the fourth line invokes Lemma A.1(ii)

and the last line follows from Assumption 4(ii), and (A.24) implies (i).

2K1

Y722 max max iy 2 = ¢y 272 max max 02 < 7272 max ‘ 5; — oY
i ey i eV
2
< 120, (3471)
= 0p (1) ’ (A25)

where the second line invokes Lemma A.1(ii) and the last line follows from Assumption 4(ii),
and (A.25) implies (ii). O

Proof of Theorem 2. In the proof, we first show the first statement in (ii) and (iii). Then
we can leverage the results to show the uniform consistency of 8; in part (i), and the second
statement in (ii) and (iii) directly follow.

Rewrite the objective function (9), with notation U NT, as

N

Lp

~ 1 . , .

Uyt (6, D) = N Z {gi,T (60,0:) Wintgir (0,6:) Z,Mz] 16: — 4] —H/lewu |5il|} .
=1

i=1

(A.26)
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The Karush-Kuhn-Tucker (KKT) condition (with respect to d;;) evaluated at (0A, ﬁ), scaled
up by 7, s

_ N ~ VTn Tr
0= 27—T 17},S+1m,NTgi,T (97 61) f T Z ,uzjez]l + f T Z ,uzjez]l + wlTT wzlszl

¢gk(z ]egk(z
= Him + iz, + Sz, + i, (A.27)
where €;; = ﬁ if 8\1 <5\zl> if 3\2'[ # 0 and

sy € [—1,1] if 50 = 0; Yrs+1 € RE is the vector with (Ls + [)-th element equal to 1 and
others being 0.
In the KKT condition (A.27):

[Bitm] < 207" (Wil + [Winr — Will)

Gir (6.5)

< 2021 (Cy + 0, (1)) (CF (Hé‘ o' 2

|
)

—0,(1), (A.28)

where we apply Cauchy-Schwartz inequality in the first inequality, Assumption 2(iv) and
(v) as in (A.14) for the second inequality, and make use of the convergence rate derived in

Theorem 1(i) to reach the result that =, is stochastically bounded.

- wail . ~ _ N — Nk()
iz < 2]\? max - fi; Z Cija| <y’ (maX i T<O (1),

(i,J)€Z 4 VEZ
! &Gk (i) '

(A.29)

which is due to Assumption 3(ii) and Lemma A.1(iii).

To facilitate the analysis of Z;, z, and =; 1, we introduce the following notations. Let

b

ce € (0,3) be a constant. Denote

~

t Yy

} and 21’,1 = {j € Gy ‘ 5

3

-~

Define the events &g ; = {NK( > ce} and &g; = {maxlevi
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~

f—

Conditioning on &g ;, we have H] € Grpi) -

Nurs
>0}‘ >ce\/’%,and

1
=, — -1 i oy
|Zit,z0| =077 (@%2%0 m;) 5N E [1ij€3j,1

JEGk(i)
_ -1 . . CeNk 7

fbig
ming jye 2y Hij

Zjegw) fij€ija = 0, with |lej;]| = 1 if H(/S\Z —(/5\]- > 0, for i € Gy for some k € [K°] and

l € [Lp], is over-determined in terms of €;;; and does not vanish, and the probability limit

where f1;; = > 1 for (i,j) € 2, , the inequality holds since the system

follows from Assumption 4(iii) that imy_.c Ni)/N > Tmin and Lemma A .4(i). As a result,
|=i1, 2, | is asymptotically explosive.
Conditional on &g ;, we have

Ol

— 1 . . ..p .
21| > 70 min min Wi — o0 if I € V; and
1

> 0, (A.31)
by Lemma A.4(ii).

Combine the KKT condition (A.27) and (A.28), (A.29), (A.30), (A.31), and triangle
inequality, for each ¢ € [N],

Pr(€ailJsi) < Pr(IBazl - 1Buall < 1ZBazl + [Baml, £oiJ€si) 20 (A.32)

as (N, T) — oo, since |Zym| + iz | = O, (1) while ||Zi.z,| — |Za1l] = co with suitable

choice of k1 and ks that guarantees =; z, and =; ; do not coincide conditional on £ ; () s,

>0}

Then we turn to the desired uniform results. Denote the event

-~

Ea = {(maX d; — gj 5 — (/S\j*

Z).])GZO

> 0} = {3 (i*, %) € Zo st ’

By (A.32), we have

Zﬁzxo ‘ Aj*,()‘
Pr (&) <Pr | & ‘— > C, +Pr | & : > C,
M Ni(ir) i Ni(j
+ Pr | & ‘ ) >1—2c,
¢ ﬂ Nk(i*)
<Pr(&q;+)+2Pr (&) — 0, (A.33)
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as (N, T) — oo, which completes the proof of the first statement in part (ii).
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Figure A.1: Tllustration of the proof arguments in (A.33).

;5;*[ > 0. Note that

(A.31) holds uniformly across i, and the above arguments can go through for i*, which leads

[>0) =0

as (N,T) — oo and the first statement in part (iii) is established.

Conditioning on {Uf\il Sgﬂ»}, there exist i* € [N] such that max;ey,,

-~

Pr | maxmax
i leV;

Next, we turn to the proof of the uniform convergence result in part (i). Note that it

suffices to show

max |[§; — 9,
(iﬂj)ez()

Pr (m?x‘ 5, - 0) —o(1), (A.34)

given that Pr <max(i,j)ego 8 — Aj = ) — 1 as (N,T) — oo. Rewrite that the penalized

GMM objective in (A.26) as

N N N Lp
= 1 Yy :
Unr (0,D) = Qnr (0,D) + — E;W;“J 16; — 8,]| + — Zzwdm, (A.35)

=1 [=1

and denote
fvr = {D € 0] - s, 8, 8% > svr, and mas. 5,5, 0.
1<i<N (4,9)€20

It is then desired to show that, w.p.a.1,

inf Uyy (0 D) > Uy (6°, DY), (A.36)

Dellyr
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which implies that the minimizer D ¢ llyr w.p.a.l.
We first establish an upper bound for Wy (8%, D°). (A.3) together with Lemma A.1(i)

implies
Qnr (6°.D°) = 0, () . (A.37)

Following the similar arguments as in (A.4) and (A.5), together with Lemma A.1(iii)-(iv)

and Assumption 4(i), we have

N N
(0 .
eI OWHLELIEFT S W LEL]

JEGk(s)

< o/In ( i MU) = U/ IO, (o3 ) = Oy (er).

(A.38)

= 01V LpO, (CVit) = Op (Rr) - (A39)

w N
Py

Combine (A.37) - (A.39), we establish the upper bound for ¥y (6°, D°) as

D MU

i [0 < v max

Unr (6°,D°) = 0, () . (A.40)

Next, we investigate the L.H.S. of (A.36). Denote Il y7 = {D € ©} : ||§; — 87 > senr, Vi € Gi }.

inf \I/NT inf inf Ql NT (9 D> inf inf zezgk QinNT <0, 5i>

9 D)
Dellyr ( 1<k<KO Dellg nT 1<k<KO Dellg nT
PR 2
> inf inf — E Hﬁz - (9) — 0;
D,i, T
™~ 1<k<KO DElly nr N / ’ '
1€G

> inf inf l Z H’mD,i,T <§>_5?

T 1<k<KY D€l N7

0 2
|

Zegk(i*)

where the second line follows from Assumption 2(iv) and the last line follows from the triangle

inequality. Note that
s [ (8) 1] < [ (3) ~ 70 () + (g o (B) ) 0]
1<i<N 1<i<N 1<i<N

<O, (Gent + 1) = Op (3enT)

where 6 is between 6 and 0°, the first inequality follows from the triangle inequality and
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mean value theorem, the second inequality is due to Assumption 2(v), Theoreom 1(i) and
Lemma A.1(i), and the last equality follows from Lemma A.1(i) because the uniform rate of
convergence must be at least as slow as the rate of convergence of the sample moments for
each i. Meanwhile, for D € Il yr and i € Gy, [|§; — 8| > »nr. Then for sufficiently large
(N, T), we have

2

N, )
inf \IINT (0 D) < inf —k) (%NT — max HmDiT <9) — 5?
Dellyr 1<k<ik® N 1<i<N "

where we apply Assumption 4(iii). Combine (A.40) and (A.41), we reach (A.36) and complete
the proof part (i).

The second statement in both parts (ii) and (iii) are directly implied by (i). For sufficiently
large (N, T),

-~

5, — 8

¢ }>o>

oo g
(7, j)EZl

>Pr (pNT — Zmax

Pr ( min
(inj)ezl

60

>Pr

>0)
)

—1—of (A.42)

maX ’

by the uniform convergence result in (i) and the rate condition Assumption 3(i).

-
)

> 0) > Pr (max 5;

For sufficiently large (N, T"), we have

A 0
ll 5il

5zl

1<i<N €T,

Pr ( min min > O) > Pr (mln Emn “(5”‘

5il — Y

> Pr (CNT — max max
i1

i

> Pr (Gur — max |6, — o

)

=1—o0(1) (A43)

by triangle inequality, the uniform convergence result in (i) and the rate condition Assump-
tion 3(i).
]

Proof of Theorem 4. In the proof, we drop the superscript “post” for notational simplicity.
By Corollary 3, we have Q\k = G and fk =Ty w.p.a.l. for k € [KY], so Bk has the same

asymptotic distribution as the oracle estimator B, assuming the group structure and the set
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of invalid moment conditions are known, defined as

— / —
(0/,62;71]6) = argmin ( Zng CN-T%A ) Wi Nt < Zgl(’ff 0, a1, ) :

z
9697ak’zkec—)!§ ¥l zegk ZEgk

(A.44)

kT
Liao (2015). O

— — /
and we let 8, = (0,,6’ ~ ) . The proof directly follows from Theorem 3.3 in Cheng and

A.2 Convex Optimization Formulation

Recall the optimization problem (9),

arg min QNT (0, D) + Py, 4, (D), (A.45)
0co, DcosN
where
Qnr (6, D) ng (0,6,) WirGir (6.6;), (A.46)
N Lp
Py . (D ZZWI(MH— > e =850, (A.47)
i=1 1=1 1<i<j<N

and W, ¢ is a positive definite weighting matrix.

To begin with, we deal with the PAFL penalty using similar techniques as in Gao and
Shi (2021) for the C-Lasso penalty. Let ¢;; = d; — d; for 1 <i < j < N. By introducing an
auxiliary variable v;; and conic constraints ||¢;;|| < v;;, the PAFL penalty in the objective

function can be equivalently expressed as a linear component p'v = 7, iy pijvi; Where

/
Wb N(N-1) /
Hij = NJ;MU, v = <032,v’13,...,v2N_1)N> eR 2z *land p = (M12uM137~-7M(N—1)N) €

N(N-1)
fxl

. For the adaptive Lasso penalty, we introduce 8 = (max {0,d;})5 and §; =
(max {0, =03 })/% for i € [N] which satisfies §; = 8 — ;. The adaptive Lasso penalty
can be equivalently expressed as a linear component w’ (6" + ) where wy = %wﬂ, R
(61,85, ... ,5;{,’), € RVEpxl and 6~ = ((51_’,52_’,...,5;/)/ € RNLox1 1f g,(0,8;) is linear
in 6;, then g; 1 (6, d;) is also linear in ; and of the form ~; — I';6 where =, is a known vector
and I'; is a known matrix Let W, r = H;H,, then the quadratic term in the objective can

be written as S~
to || (@i 5

i1 % where t; > |gi||3 and g; = H,g;. Note that the ||g;||> < ¢, is equivalent

5 )H , < %1, which is a standard second-order conic constraint.
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As a result, the convex optimization problem is

N
) t; , _
— 6T +4 !
g,B,JIJIFl,%n,q&,viX:l:N—i_w( +67) +p'v
0 =0 =0, +0; —¢ij =00 VI<i<j<N
H({binSUz‘j Vi<i<j<N

gi=H,g; Viec|[N]
l;

~ t;—1
gi, 9
61+ 2 OLD><1751'_ Z OLD><1 VZ E [N}

+1

< Vi € [N]

2

which is readily solved using standard convex optimization solvers such as MOSEK.
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