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Overview. These notes cover the core theory of nonparametric estimation at a PhD-statistics

level: (i) upper bounds for kernel density estimation and nonparametric least squares, built on con-

centration and empirical-process tools; (ii) minimax lower bounds via reduction to testing, using

Le Cam’s two-point method, Fano’s method, and the Yang–Barron mutual-information method;

and (iii) generalization error for empirical risk minimization in supervised learning. The material

is largely self-contained and follows closely Tsybakov (2009), van der Vaart and Wellner (2023) and

Wainwright (2019), with the high-level organization mirroring a graduate course on nonparametric

statistics.

Notation. Throughout, {Xi}ni=1 are i.i.d. random variables with law P on a sample space X
(typically X ⊆ Rd), with density f = dP/dν when P is absolutely continuous with respect to

a σ-finite dominating measure ν (usually Lebesgue). The product measure for n i.i.d. draws is

P⊗n or, when no confusion arises, P n. The empirical measure is Pn = 1
n

∑n
i=1 δXi

, and ∥g∥2n :=
1
n

∑n
i=1 g(Xi)

2 is the L2(Pn)-semi-norm. We use E (resp. Eθ, Ef ) for expectation under P (resp.
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Pθ, Pf ), Var for variance, and 1 for the indicator. Function classes are denoted F ,H,S, . . .;
Hölder classes H(β, L) and Sobolev classes S(β, L) are defined below. The symbol an ≲ bn means

an ≤ Cbn for some absolute constant C not depending on n; an ≍ bn means an ≲ bn and bn ≲ an.

We write [m] = {1, . . . ,m}.

Part I

Upper Bounds

1 Density Estimation via Kernels

1.1 From empirical CDF to the Rosenblatt estimator

Density estimation is the problem of recovering the probability density function f = dP/dν

from an i.i.d. sample X1, . . . , Xn ∼ P . For d = 1, the cdf F (x) = P (X1 ≤ x) satisfies f = F ′, so

for small h > 0

f(x) ≈ F (x+ h)− F (x− h)

2h
. (1)

A natural estimator replaces F by its empirical counterpart F̂n(x) = n−1
∑n

i=1 1{Xi ≤ x}. This

produces the Rosenblatt estimator

f̂n
h (x) :=

F̂n(x+ h)− F̂n(x− h)

2h
=

1

2nh

n∑
i=1

1

{
−1 <

Xi − x

h
≤ 1

}
.

Writing K0(u) =
1
2
1{−1 < u ≤ 1} (the uniform, or box-car, kernel), we recognize this as

f̂n
h (x) =

1

nh

n∑
i=1

K0

(
Xi − x

h

)
. (2)

Replacing K0 by a general integrable function with
∫
K = 1 yields the Parzen–Rosenblatt kernel

density estimator.
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1.2 Kernel density estimator

Definition 1 (Kernel density estimator). Let K : Rd → R be integrable with
∫
Rd K(u) du = 1,

and let h > 0 be a bandwidth. The kernel density estimator (KDE) of f at x ∈ Rd is

f̂n(x) :=
1

nhd

n∑
i=1

K

(
Xi − x

h

)
. (3)

Example 1 (Classical kernels on R). • Uniform: K(u) = 1
2
1{|u| ≤ 1}.

• Triangular: K(u) = (1− |u|)1{|u| ≤ 1}.

• Epanechnikov (parabolic): K(u) = 3
4
(1− u2)1{|u| ≤ 1}.

• Biweight: K(u) = 15
16
(1− u2)2 1{|u| ≤ 1}.

• Gaussian: K(u) = (2π)−1/2e−u2/2.

Remark 1 (Multivariate KDE). For d ≥ 2, the simplest construction is the product kernel

K(u1, . . . , ud) =
∏d

j=1K1(uj) built from a univariate kernel K1. The estimator (3) becomes

f̂n(x) =
1

nhd

n∑
i=1

d∏
j=1

K1

(
(Xij − xj)/h

)
.

More generally, one may allow a positive-definite bandwidth matrix H and use K
(
H−1/2(Xi −

x)
)
/ det(H)1/2.

1.3 Pointwise bias–variance decomposition

For a fixed target point x0 ∈ Rd, the pointwise mean squared error decomposes in the usual

way:

MSE(x0) := EP

[
f̂n(x0)− f(x0)

]2
= EP

[
f̂n(x0)− EP f̂n(x0)

]2︸ ︷︷ ︸
=:σ2(x0) (variance)

+
[
EP f̂n(x0)− f(x0)

]2︸ ︷︷ ︸
=: b2(x0) (squared bias)

. (4)

We control variance and bias separately.

Lemma 1 (Variance of KDE). Assume d = 1, supx f(x) ≤ f̄ < ∞, and
∫
R K

2(u) du < ∞. Then

σ2(x0) ≤ f̄

nh

∫
R
K2(u) du.
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In particular, if h = hn satisfies nhn → ∞, then σ2(x0) → 0.

Proof. Set δi := K((Xi − x0)/h)− EK((Xi − x0)/h); these are i.i.d. mean-zero and

σ2(x0) = Var

(
1

nh

n∑
i=1

δi

)
=

1

nh2
Var(δ1) ≤

1

nh2
E
[
K2

(
X1 − x0

h

)]
=

1

nh2

∫
R
K2

(
u− x0

h

)
f(u) du ≤ f̄

nh

∫
R
K2(v) dv,

where the last step uses the substitution v = (u− x0)/h.

To control the bias we need smoothness assumptions on f .

Definition 2 (Hölder class on R). For β, L > 0, set

ℓ := ⌊β⌋< := the largest integer strictly less than β.

The Hölder class H(β, L) consists of all ℓ-times differentiable f : R → R such that

∣∣f (ℓ)(x)− f (ℓ)(x′)
∣∣ ≤ L |x− x′|β−ℓ ∀ x, x′ ∈ R.

Let P(β, L) := {f ∈ H(β, L) : f ≥ 0,
∫
R f(x) dx = 1} denote the induced class of densities.

Remark 2 (Floor convention). We follow Tsybakov (2009, Def. 1.2): when β is not an integer,

⌊β⌋< agrees with the standard floor ⌊β⌋. When β ∈ {1, 2, 3, . . . } is an integer, however, ⌊β⌋< =

β − 1 (not β), so that the exponent β − ℓ > 0 is always positive and the Hölder condition is non-

trivial. For example, β = 2 gives ℓ = 1: f is once-differentiable with f ′ Lipschitz, i.e., f ∈ C1,1.

Throughout these notes we write ⌊β⌋ for ⌊β⌋< with the understanding fixed here.

Definition 3 (Kernel of order ℓ). A kernel K : R → R is of order ℓ ≥ 1 if u 7→ ujK(u) is integrable

for j = 0, 1, . . . , ℓ and∫
K(u) du = 1,

∫
ujK(u) du = 0 for all j = 1, . . . , ℓ.

Classical symmetric kernels (uniform, triangular, Epanechnikov, Gaussian) are of order 1. Ker-

nels of higher order are sometimes called bias-reducing ; they necessarily take negative values, as

shown in Section 1.4.

Lemma 2 (Pointwise bias of KDE on the Hölder class; cf. Tsybakov, 2009, Prop. 1.2). Suppose

f ∈ P(β, L), K is a kernel of order ℓ = ⌊β⌋, and
∫
R |u|

β|K(u)| du < ∞. Then, for every x0 ∈ R
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and every h > 0,

∣∣b(x0)
∣∣ =

∣∣EP f̂n(x0)− f(x0)
∣∣ ≤ L

ℓ!

∫
R
|u|β|K(u)| du · hβ.

Proof. A direct substitution gives

EP f̂n(x0)− f(x0) =

∫
R
K(u)

[
f(x0 + hu)− f(x0)

]
du.

By the integral form of Taylor’s theorem with remainder (and since f ∈ H(β, L)), for some

τ = τ(u) ∈ (0, 1),

f(x0 + hu) =
ℓ−1∑
j=0

(hu)j

j!
f (j)(x0) +

(hu)ℓ

ℓ!
f (ℓ)(x0 + τhu).

Using
∫
ujK(u)du = 0 for j = 1, . . . , ℓ − 1 and the trivial identity 0 =

∫
uℓK(u)du · f (ℓ)(x0)/ℓ!

(since K has order ℓ), we obtain

EP f̂n(x0)− f(x0) =
hℓ

ℓ!

∫
R
uℓK(u)

[
f (ℓ)(x0 + τhu)− f (ℓ)(x0)

]
du.

Applying the Hölder bound |f (ℓ)(x0+τhu)−f (ℓ)(x0)| ≤ L|τhu|β−ℓ ≤ L|hu|β−ℓ and taking absolute

values yields the claim.

Combining Lemmas 1 and 2,

sup
f∈P(β,L)

MSE(x0) ≤ C1

nh
+ C2 h

2β. (5)

Optimizing over h > 0 gives the pointwise minimax upper bound

inf
h>0

[
C1

nh
+ C2h

2β

]
≍ n− 2β

2β+1 , h∗
n ≍ n− 1

2β+1 . (6)

For Rd with a product kernel of order ℓ, the same argument with hd replacing h in the variance

gives

MSE(x0) ≲
1

nhd
+ h2β =⇒ MSE(x0) ≍ n− 2β

2β+d at h∗
n ≍ n− 1

2β+d ,

which exhibits the curse of dimensionality : the rate deteriorates as d grows. The matching lower

bound n−2β/(2β+1) is proved in Section 2.5 via Le Cam’s method.
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1.4 Construction of higher-order kernels via Legendre polynomials

For β > 1, Lemma 2 requires a kernel of order ℓ = ⌊β⌋ ≥ 1 that also has bounded moment∫
|u|β|K(u)|du < ∞. We now show such kernels exist and construct them explicitly on [−1, 1].

Consider L2([−1, 1], λ). The Legendre polynomials

φ0(x) :=
1√
2
, φm(x) :=

√
2m+ 1

2
· 1

2mm!

dm

dxm

[
(x2 − 1)m

]
(m ≥ 1) (7)

form an orthonormal basis of this space. The polynomial φm has degree m; in particular ⟨up, φq⟩ =
0 whenever p < q.

Proposition 1 (Order-ℓ kernel via Legendre polynomials; Tsybakov, 2009, Prop. 1.3). Define

K(u) :=

(
ℓ∑

m=0

φm(0)φm(u)

)
1{|u| ≤ 1}.

Then K is a kernel of order ℓ.

Proof. Integrability of u 7→ ujK(u) on [−1, 1] is immediate since each φm is a bounded polynomial.

For any j ∈ {0, 1, . . . , ℓ}, express uj in the Legendre basis as

uj =

j∑
q=0

bj,q φq(u), bj,q := ⟨uj, φq⟩L2[−1,1],

where the sum truncates at q = j because ⟨up, φq⟩ = 0 for p < q. Using orthonormality ⟨φq, φm⟩ =
δqm,

∫ 1

−1

ujK(u) du =

∫ 1

−1

(
j∑

q=0

bj,q φq(u)

)(
ℓ∑

m=0

φm(0)φm(u)

)
du

=

j∑
q=0

ℓ∑
m=0

bj,q φm(0) δqm =

j∑
q=0

bj,q φq(0) = uj
∣∣
u=0

,

where the last equality evaluates the Legendre expansion of uj at u = 0. Hence
∫
ujK(u)du = 1

for j = 0 and
∫
ujK(u)du = 0 for j = 1, . . . , ℓ, which are the two conditions of Definition 3.

Remark 3 (Negative-value caveat). Since φm(0) = 0 for odd m, the construction yields an even

(symmetric) kernel; in fact it is nontrivial only for ℓ even. For ℓ ≥ 2, the constraint
∫
uℓK(u)du = 0

forces K to take negative values (as uℓ ≥ 0 a.e. for even ℓ). Hence the KDE f̂n may be negative.

One can always project onto the nonnegative functions via f̂+
n := max(f̂n, 0) without degrading
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the sup-norm risk:

∥f̂n − f∥∞ ≥ ∥f̂+
n − f∥∞ (almost surely).

1.5 Global L2 risk (MISE) on the Sobolev class

Integrating the pointwise MSE over R gives the mean integrated squared error,

MISE := E
[∫

R

(
f̂n(x)− f(x)

)2
dx

]
=

∫
R
Var
[
f̂n(x)

]
dx+

∫
R

(
Ef̂n(x)− f(x)

)2
dx,

where the bias–variance split uses Fubini–Tonelli.

Lemma 3 (Global variance control). If
∫
R K

2(u) du < ∞, then
∫
R Var[f̂n(x)] dx ≤ 1

nh

∫
R K

2(u) du.

Proof. By Fubini–Tonelli,∫
R
Var[f̂n(x)]dx ≤

∫
R

∫
R

1

nh2
K2
(
u−x
h

)
f(u) du dx

=
1

nh2

∫
R
f(u)

[∫
R
K2
(
u−x
h

)
dx

]
du

=
1

nh

∫
R
K2(v) dv ·

∫
R
f(u) du =

1

nh

∫
K2.

For global bias control, replace the Hölder class by the Sobolev class.

Definition 4 (Sobolev class). For integer β ≥ 1 and L > 0, define

S(β, L) :=
{
f : R → R

∣∣∣ f is (β − 1)-times diff. with f (β−1) abs. continuous,

∫
R
(f (β))2 dx ≤ L2

}
.

Let PS(β, L) := {f ∈ S(β, L) : f ≥ 0,
∫
f = 1}.

Lemma 4 (Global bias control; Tsybakov, 2009, Prop. 1.5). Let f ∈ PS(β, L) and let K be a

kernel of order ℓ = β − 1 with
∫
|u|β|K(u)| du < ∞. Then∫
R

(
Ef̂n(x)− f(x)

)2
dx ≤ C h2β

for a constant C = C(L, β,K).

Proof sketch. Following the pointwise computation of Lemma 2, for any x ∈ R,

Ef̂n(x)− f(x) =
hℓ

ℓ!

∫
R
uℓK(u)

[
f (ℓ)(x+ τhu)− f (ℓ)(x)

]
du (some τ = τ(x, u) ∈ (0, 1)).
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By the integral form of the remainder for a β-times weakly differentiable f ,

f (ℓ)(x+ hu)− f (ℓ)(x) =

∫ hu

0

f (ℓ+1)(x+ s) ds = hu

∫ 1

0

f (β)(x+ thu) dt,

since ℓ+ 1 = β (integer-β Sobolev case). Hence

Ef̂n(x)− f(x) =
hβ

ℓ!

∫
K(u)uℓ+1

∫ 1

0

f (β)(x+ thu) dt du.

Squaring and integrating over x ∈ R, applying Cauchy–Schwarz to the inner dt du integral, and

then exchanging order with Fubini–Tonelli,∫ (
Ef̂n(x)− f(x)

)2
dx ≤ h2β

(ℓ!)2

∫ 1

0

∫
|u|2βK(u)2 du ·

∫ ∣∣f (β)(x+ thu)
∣∣2 dx dt

=
h2β

(ℓ!)2
· ∥K∥2β,2 ·

∫ (
f (β)

)2 ≤ C L2 h2β,

using
∫
(f (β))2 ≤ L2 from the Sobolev definition and translation invariance of the Lebesgue integral.

The constant C depends only on β and the moments of K.

Combining the two lemmas and optimizing over h,

Theorem 1 (Global risk of KDE on the Sobolev class; Tsybakov, 2009, Thm. 1.2). Under the

assumptions of Lemmas 3 and 4,

sup
f∈PS(β,L)

E
[∫

R

(
f̂n(x)− f(x)

)2
dx

]
≤ C1

nh
+ C2h

2β.

The minimizing bandwidth is h∗
n ≍ n−1/(2β+1), yielding MISE ≍ n−2β/(2β+1).

2 Nonparametric Least Squares (Fixed Design)

2.1 Setup and motivating examples

Consider the fixed-design regression model: we observe (xi, Yi)
n
i=1 with xi ∈ X ⊆ Rd determin-

istic and

Yi = f ∗(xi) + εi, ε1, . . . , εn
i.i.d.∼ N (0, 1), (8)

9



where f ∗ : X → R is the unknown regression function. A natural estimator is the constrained

least-squares (CLS) estimator

f̂n ∈ argmin
f∈F

n∑
i=1

(
Yi − f(xi)

)2
, (9)

where F is a function class controlling approximation error and complexity. We assume throughout

that f ∗ ∈ F . Normalizing the noise variance to 1 costs no generality since rescaling Yi and f ∗ by

σ−1 preserves the form of (9).

Example 2 (OLS, ridge, Lasso). Take F = {x 7→ ⟨θ, x⟩ : θ ∈ Rd}. Writing X = (x1, . . . , xn) ∈
Rd×n and Y = (Y1, . . . , Yn)

⊤, (9) becomes minθ ∥X⊤θ − Y ∥22 with unconstrained solution θ̂ols =

(XX⊤)−1XY (when the inverse exists). Restricting F to {θ : ∥θ∥22 ≤ t} or {θ : ∥θ∥1 ≤ t} gives

ridge and Lasso, respectively. See Hastie et al. (2009, Ch. 3) for details.

Example 3 (Cubic smoothing spline). Let X = [0, 1] and F = {f : [0, 1] → R :
∫ 1

0
(f ′′)2 ≤ R}.

The penalized form is

min
f

{
1

n

n∑
i=1

(Yi − f(xi))
2 + λ

∫ 1

0

(f ′′)2 dx

}
.

A representer-theorem argument shows the minimizer is a natural cubic spline with knots at the

design points {xi}: piecewise cubic, C2-continuous with jumps in the third derivative at each

knot, and linear outside [mini xi, maxi xi] (Hastie et al., 2009, Ch. 5). The infinite-dimensional

optimization reduces to a finite-dimensional problem of ridge-regression form.

Example 4 (Convex regression). Let C ⊆ Rd be convex and F the set of all convex functions

C → R. Setting ỹ = (f(x1), . . . , f(xn)), convexity is equivalent to the existence of sub-gradients

z1, . . . , zn ∈ Rd such that

ỹj ≥ ỹi + ⟨zi, xj − xi⟩ ∀ i ̸= j.

Hence (9) becomes the finite-dimensional quadratic program

min
ỹ, {zi}

∥Y − ỹ∥22 s.t. ỹj ≥ ỹi + ⟨zi, xj − xi⟩, ∀i ̸= j.

This has (d+ 1)n variables and n(n− 1) linear constraints; see Seijo and Sen (2011).

The goal is to bound the empirical L2-error

∥f̂n − f ∗∥2n :=
1

n

n∑
i=1

(
f̂n(xi)− f ∗(xi)

)2
.
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2.2 Basic inequality and localized Gaussian complexity

Assume f ∗ ∈ F . By definition of f̂n as the minimizer of the empirical squared-error over F ,

and since f ∗ is a feasible competitor,

1

n

n∑
i=1

(
Yi − f̂n(xi)

)2 ≤ 1

n

n∑
i=1

(
Yi − f ∗(xi)

)2
.

Substituting Yi − f̂n(xi) =
[
Yi − f ∗(xi)

]
+
[
f ∗(xi) − f̂n(xi)

]
= εi −

[
f̂n(xi) − f ∗(xi)

]
on the left,

expanding the square, and cancelling the common n−1
∑

ε2i term on both sides,

1

n

n∑
i=1

{(
f̂n(xi)− f ∗(xi)

)2 − 2 εi
(
f̂n(xi)− f ∗(xi)

)}
≤ 0,

which rearranges to the basic inequality

1

2

∥∥f̂n − f ∗∥∥2
n

≤ 1

n

n∑
i=1

εi
(
f̂n(xi)− f ∗(xi)

)
. (10)

The RHS is a Gaussian random variable linear in the data-dependent increment f̂n − f ∗, which is

the object the remainder of this section controls.

Definition 5 (Shifted function class). For fixed f ∗, the f ∗-shifted class is F∗ := {f −f ∗ : f ∈ F}.
It contains 0 and ∆̂ := f̂n − f ∗.

Definition 6 (Star-shaped). A function class H is star-shaped (around 0) if g ∈ H and α ∈ [0, 1]

imply αg ∈ H. Every convex class containing 0 is star-shaped.

Since ∆̂ ∈ F∗ and ∥∆̂∥2n = ∥f̂n − f ∗∥2n, (10) gives

1
2
∥∆̂∥2n ≤ sup

{
1

n

n∑
i=1

εi g(xi) : g ∈ F∗, ∥g∥n ≤ ∥∆̂∥n

}
.

Definition 7 (Localized Gaussian complexity). For a class H and δ > 0, let

Gn(δ;H) := E

[
sup

g∈H, ∥g∥n≤δ

1

n

n∑
i=1

εi g(xi)

]
, εi ∼ N (0, 1) i.i.d.

This is the Gaussian complexity localized at scale δ.

Taking δ = ∥∆̂∥n and expectations in (10) (and using Jensen’s inequality on the LHS and the

11



localization on the RHS) yields

1
2
E∥∆̂∥2n ≤ E

[
sup

g∈F∗, ∥g∥n≤∥∆̂∥n

1

n

n∑
i=1

εig(xi)

]
≤ Gn

(
∥∆̂∥n;F∗),

where the second inequality relaxes the data-dependent localization radius to a deterministic one

and uses that F∗ is star-shaped so that the map δ 7→ Gn(δ;F∗)/δ is non-increasing (Lemma 5).

Consequently, any δ with δ2 ≥ E∥∆̂∥2n satisfies δ/2 ≤ Gn(δ;F∗)/δ, which motivates the following

definition.

2.3 Critical radius and the main oracle inequality

Definition 8 (Critical radius). When H is star-shaped, the map δ 7→ Gn(δ;H)/δ is non-increasing

(Lemma 5 below). The critical radius δn > 0 is the smallest positive solution to the critical

inequality
Gn(δ;H)

δ
≤ δ

2
. (11)

Equivalently, δ2n ≥ 2Gn(δn;H).

Lemma 5 (Monotonicity). If H is star-shaped, then δ 7→ Gn(δ;H)/δ is non-increasing on (0,∞).

Proof. Let 0 < δ ≤ t. For any h ∈ H with ∥h∥n ≤ t, set h̃ := (δ/t)h. Since δ/t ∈ (0, 1]

and H is star-shaped, h̃ ∈ H; and clearly ∥h̃∥n = (δ/t)∥h∥n ≤ δ. The map h 7→ h̃ therefore

sends the constraint set {h ∈ H : ∥h∥n ≤ t} into {h̃ ∈ H : ∥h̃∥n ≤ δ}, and n−1
∑

i εih̃(xi) =

(δ/t) · n−1
∑

i εih(xi). Hence

δ

t
Gn(t;H) = E sup

h∈H
∥h∥n≤t

1

n

n∑
i=1

εi h̃(xi) ≤ E sup
h̃∈H

∥h̃∥n≤δ

1

n

n∑
i=1

εi h̃(xi) = Gn(δ;H),

the inequality because the second sup is over a superset of {h̃ : h ∈ H, ∥h∥n ≤ t}. Rearranging

gives Gn(δ)/δ ≥ Gn(t)/t, i.e., the map δ 7→ Gn(δ;H)/δ is non-increasing.

Theorem 2 (Main NPLS oracle inequality; Wainwright, 2019, Thm. 13.5). Assume f ∗ ∈ F and

that the shifted class F∗ = F − {f ∗} is star-shaped. Let δn be the critical radius of F∗. Then, for

any t ≥ δn,

Pr
[∥∥f̂n − f ∗∥∥2

n
≥ 16 t δn

]
≤ exp

(
−n t δn

2

)
. (12)

Consequently

E
[∥∥f̂n − f ∗∥∥2

n

]
≲ δ2n +

1

n
.

12



The proof (sketched in Section 2.8) proceeds by combining the basic inequality (10) with a

peeling-and-concentration argument that bounds the Gaussian process g 7→ n−1
∑

i εig(xi) on

localized sub-balls. The rate δ2n reflects the complexity of F ; it can be tiny (even parametric)

when F is rich enough to contain f ∗ but sufficiently low-complexity elsewhere.

To apply the theorem we need to compute δn, which requires controlling Gn(δ;F∗). The

standard tool is metric entropy, which we develop next.

2.4 Covering and packing numbers

Let (T, ρ) be a (pseudo)-metric space.

Definition 9 (Covering / packing). A subset {θ1, . . . , θN} ⊆ T is a δ-cover of T if for every

θ ∈ T there exists i ∈ [N ] with ρ(θ, θi) ≤ δ. The δ-covering number N(δ;T, ρ) is the cardinality

of a smallest δ-cover. A subset {θ1, . . . , θM} ⊆ T is a δ-packing if ρ(θi, θj) > δ for all i ̸= j; the

δ-packing number M(δ;T, ρ) is the cardinality of a largest δ-packing. The quantity logN(δ;T, ρ)

is called the metric entropy.

Lemma 6 (Covering–packing duality). For every δ > 0,

M(2δ;T, ρ) ≤ N(δ;T, ρ) ≤ M(δ;T, ρ).

Proof. Upper bound. If {θi}Mi=1 is a maximal δ-packing, it must also be a δ-cover: otherwise some

θ ∈ T would have ρ(θ, θi) > δ for all i, contradicting maximality. Lower bound. A 2δ-packing

{θi}M
′

i=1 has the property that no single ball B(θ, δ) contains two packing points (triangle inequality),

so a δ-cover needs at least M ′ elements.

Example 5 (Unit cube). For T = [−1, 1]d with ρ = ∥ · ∥∞, one has d log(1/δ) ≤ logN(δ;T, ρ) ≤
d log(1 + 1/δ), so logN(δ;T, ρ) ≍ d log(1/δ) for small δ.

Lemma 7 (Volume bounds). Let ∥ · ∥ and ∥ · ∥′ be norms on Rd with unit balls B,B′. For any

δ > 0,

δ−d vol(B)

vol(B′)
≤ N(δ;B, ∥ · ∥′) ≤

vol
(
2
δ
B +B′)

vol(B′)
, (13)

where A+B = {a+ b : a ∈ A, b ∈ B} is the Minkowski sum.

Proof. Lower bound. Let {θi}Ni=1 be a δ-cover of B in ∥ · ∥′. Then B ⊆
⋃N

i=1(θi + δB′), giving

vol(B) ≤ N δdvol(B′) and (13). Upper bound. Let {θj}Mj=1 be a maximal δ-packing of B in ∥ · ∥′.
The balls θj + (δ/2)B′ are disjoint and contained in B + (δ/2)B′; hence

M · (δ/2)d vol(B′) ≤ vol(B + (δ/2)B′) = (δ/2)d vol
(
2
δ
B +B′) .

13



Apply Lemma 6.

Figure 1: The Minkowski sum A+B = {a+ b : a ∈ A, b ∈ B} used in Lemma 7.

2.5 Metric entropy of Lipschitz and Hölder classes

Proposition 2 (Entropy of Lipschitz functions). Let FL := {g : [0, 1] → R : g(0) = 0, |g(x) −
g(y)| ≤ L|x− y|}. Then

logN(δ;FL, ∥ · ∥∞) ≍ L

δ
. (14)

Proof sketch. Lower bound. Fix ε > 0 and let M = 1/ε. Define knots xi = (i− 1)ε for i ∈ [M ], let

ϕ(u) = 0 for u < 0, ϕ(u) = u for u ∈ [0, 1], ϕ(u) = 1 for u > 1, and set

fβ(y) =
M∑
i=1

βi εLϕ

(
y − xi

ε

)
, β ∈ {±1}M .

Each fβ is L-Lipschitz and, for β ̸= β′, differs on some interval of length ε by ±L on each side,

so ∥fβ − fβ′∥∞ ≥ 2Lε. Thus {fβ} is a (2Lε)-packing of size 2M , giving logN(Lε;FL, ∥ · ∥∞) ≥
logM(2Lε;FL, ∥ · ∥∞) ≳ 1/ε. Setting δ = Lε yields logN(δ) ≳ L/δ.

Upper bound. A classical piecewise-constant approximation on a grid of mesh δ/L gives the

matching upper bound; see van der Vaart and Wellner (2023, Ex. 2.7.4).

Proposition 3 (Entropy of Lipschitz functions in Rd). For FL([0, 1]
d) := {g : [0, 1]d → R : g(0) =

0, |g(x)− g(y)| ≤ L∥x− y∥∞},

logN
(
δ;FL([0, 1]

d), ∥ · ∥∞
)
≍
(
L

δ

)d

,

which exhibits the curse of dimensionality.

Proposition 4 (Entropy of Hölder classes; van der Vaart and Wellner, 2023, Thm. 2.7.1). Let

Hα([0, 1]
d) be the class of functions f : [0, 1]d → R with partial derivatives of all orders |j| ≤ ⌊α⌋
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bounded by cj and max|j|=⌊α⌋ |Djf(x)−Djf(y)| ≤ L∥x− y∥α−⌊α⌋
2 . Then

logN(δ;Hα([0, 1]
d), ∥ · ∥∞) ≲

(
1

δ

)d/α

.

For d = 1, logN(δ;Hα, ∥ · ∥∞) ≍ (L/δ)1/α.

2.6 Sub-Gaussian processes, discretization, and chaining

Definition 10 (Sub-Gaussian process). A collection {Xθ}θ∈T of mean-zero random variables is a

sub-Gaussian process with respect to the semi-metric ρ on T if

E exp
(
λ(Xθ −Xθ′)

)
≤ exp

(
λ2ρ(θ,θ′)2

2

)
∀ θ, θ′ ∈ T, λ ∈ R. (15)

A standard Chernoff argument gives Pr(|Xθ −Xθ′| ≥ ϵ) ≤ 2 exp(−ϵ2/(2ρ(θ, θ′)2)).

Lemma 8 (Maxima of sub-Gaussian random variables). Let X1, . . . , XN be (not necessarily inde-

pendent) sub-Gaussian with parameter σ2: EeλXi ≤ eλ
2σ2/2. Then

Emax
i∈[N ]

Xi ≤
√
2σ2 logN, Emax

i∈[N ]
|Xi| ≤

√
2σ2 log(2N).

Proof. By Jensen and the MGF bound, eλEmaxi Xi ≤ Eeλmaxi Xi ≤ Neλ
2σ2/2. Taking logs and

optimizing over λ > 0 gives Emaxi Xi ≤ λ−1 logN + λσ2/2, minimized at λ∗ =
√
2 logN/σ2.

Theorem 3 (One-step discretization bound). Let {Xθ}θ∈T be a mean-zero sub-Gaussian process

on (T, ρ) with diameter D := supθ,θ′ ρ(θ, θ
′) < ∞. For every δ ∈ [0, D],

E sup
θ,θ′∈T

(
Xθ −Xθ′

)
≤ 2E sup

γ,γ′∈T
ρ(γ,γ′)≤δ

(
Xγ −Xγ′

)
+ 2
√

2D2 logN(δ;T, ρ). (16)

Consequently, fixing any θ0 ∈ T , E supθ∈T Xθ = E supθ(Xθ −Xθ0) ≤ E supθ,θ′(Xθ −Xθ′), so the

same bound applies to E supθ Xθ.

Proof. Let {θ1, . . . , θN} be a minimal δ-cover of T under ρ; N = N(δ;T, ρ). For every θ ∈ T choose

π(θ) ∈ {θ1, . . . , θN} with ρ(θ, π(θ)) ≤ δ. For any θ, θ′ ∈ T , decompose

Xθ −Xθ′ = (Xθ −Xπ(θ))︸ ︷︷ ︸
ρ≤δ

+(Xπ(θ) −Xπ(θ′))︸ ︷︷ ︸
in N×N grid

+(Xπ(θ′) −Xθ′)︸ ︷︷ ︸
ρ≤δ

.
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Taking the sup over (θ, θ′) ∈ T × T and then expectations,

E sup
θ,θ′

(Xθ −Xθ′) ≤ 2E sup
ρ(γ,γ′)≤δ

(Xγ −Xγ′) + E max
i,j∈[N ]

(Xθi −Xθj). (17)

The last term is a maximum over N2 sub-Gaussian random variables with variance parameter at

most ρ(θi, θj)
2 ≤ D2; Lemma 8 gives

E max
i,j∈[N ]

(Xθi −Xθj) ≤
√

2D2 log(N2) = 2
√
D2 logN ≤ 2

√
2D2 logN(δ;T, ρ).

Plugging back into (17) yields (16). The addendum on E supθ Xθ follows from 0 = Xθ0 −Xθ0 : the

single-sup is bounded by the pair-sup shifted by Xθ0 .

The one-step bound is sub-optimal: it pays the full diameter D of T per cover step. Chaining

uses a sequence of progressively finer covers.

Theorem 4 (Dudley’s entropy integral; Wainwright, 2019, Thm. 5.22). Under the hypotheses of

Theorem 3, for every δ ∈ [0, D],

E sup
θ,θ′∈T

(Xθ −Xθ′) ≲ E sup
ρ(γ,γ′)≤δ

(Xγ −Xγ′) +

∫ D

δ/4

√
logN(u;T, ρ) du. (18)

Taking δ → 0 (assuming the first term vanishes, e.g., for separable processes with continuous

trajectories) yields the classical bound

E sup
θ∈T

Xθ ≲
∫ D

0

√
logN(u;T, ρ) du. (19)

Proof sketch. Set εm := D/2m for m = 1, . . . , L, where L is chosen so that εL < δ ≤ εL−1.

For each m, let Nm be a minimal εm-cover of T ; in particular |N1| ≤ N(D/2;T, ρ) and |Nm| ≤
N(εm;T, ρ). For θ ∈ T , build the chain γL = θ and γm−1 = πm−1(γm) := argminβ∈Nm−1

ρ(γm, β).

By telescoping,

Xθ −Xγ1 =
L∑

m=2

(Xγm −Xγm−1) ≤
L∑

m=2

max
β∈Nm

|Xβ −Xπm−1(β)|.

Each increment has sub-Gaussian parameter at most εm−1 = D/2m−1, and there are at most

|Nm| · |Nm−1| ≤ N(εm)
2 pairs, so Lemma 8 gives

E max
β∈Nm

|Xβ −Xπm−1(β)| ≤ 2 εm−1

√
logN(εm;T, ρ).
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Summing over m and comparing with the Riemann integral yields (18).

2.7 Applying chaining to NPLS: rates for Lipschitz and convex regres-

sion

Applying Dudley’s bound to the Gaussian process g 7→ n−1/2
∑

i εig(xi) indexed by the local

ball Bn(δ;F∗) := {g ∈ F∗ : ∥g∥n ≤ δ}, we obtain the following sufficient condition for the critical

radius.

Lemma 9 (Entropy-integral control of the critical radius; Wainwright, 2019, Prop. 14.1). If δ

satisfies
16√
n

∫ δ

δ2/4

√
logN(u;Bn(δ;F∗), ∥ · ∥n) du ≤ δ2

4
, (20)

then δ satisfies the critical inequality (11), and therefore δn ≤ δ.

Proof sketch. Take a minimal (δ2/4)-cover {g1, . . . , gm} of Bn(δ;F∗) in the ∥ · ∥n norm. For any

g ∈ Bn(δ;F∗) there is an index j with ∥g − gj∥n ≤ δ2/4. Then∣∣∣∣∣ 1n∑
i

εig(xi)

∣∣∣∣∣ ≤
∣∣∣∣∣ 1n∑

i

εigj(xi)

∣∣∣∣∣+ 1
n
∥ε∥2 ∥g − gj∥n,

and taking expectation E 1
n
∥ε∥22 ≤ 1, the second term is at most δ2/4. The first term is bounded

by the chaining argument applied to the Gaussian process Zn(gj) := n−1/2
∑

i εigj(xi); its sub-

Gaussian metric is ∥g − g′∥n. Dudley’s theorem applied to the finite set {g1, . . . , gm} gives

Emax
j∈[m]

1√
n
|Zn(gj)| ≤

16√
n

∫ δ

δ2/4

√
logN(u;Bn(δ;F∗), ∥ · ∥n) du.

Combining the two terms gives Gn(δ;F∗) ≤ δ2/4 + δ2/4 = δ2/2, i.e. the critical inequality.

We can now read off rates.

Corollary 5 (Lipschitz regression, rate n−2/3). Let FL be the Lipschitz class of Proposition 2 and

assume f ∗ ∈ FL. Then F∗
L ⊆ F2L, and (14) gives

1√
n

∫ δ

δ2/4

√
logN(u;Bn(δ;F2L), ∥ · ∥n) du ≲

√
L δ

n
.

Solving
√
Lδn/n ≲ δ2n yields δn ≍ (L/n)1/3, so by Theorem 2,

E∥f̂n − f ∗∥2n ≲

(
L

n

)2/3

.
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Corollary 6 (Convex Lipschitz regression, rate n−4/5). Let FLC := FL ∩ {f convex}. Its metric

entropy satisfies logN(u;FLC , ∥·∥∞) ≲ (L/u)1/2 (Seijo and Sen, 2011, §4). A similar computation

gives
1√
n

∫ δ

δ2/4

√
logN(u;FLC , ∥ · ∥∞) du ≲

L1/4

√
n

δ3/4,

so δn ≍ L1/5/n2/5 and

E∥f̂n − f ∗∥2n ≲
L2/5

n4/5
.

2.8 Sketch of the proof of Theorem 2

Write ∆̂ := f̂n − f ∗ and recall from (10) that 1
2
∥∆̂∥2n ≤ n−1

∑
i εi∆̂(xi). The key technical

device is the following peeling lemma, which converts the critical inequality into a uniform tail

bound on the Gaussian process g 7→ n−1
∑

i εig(xi) over sub-balls of F∗.

Lemma 10 (Peeling lemma; Wainwright, 2019, Lem. 13.22). Let H be star-shaped and δn > 0

satisfy the critical inequality. Define

A(u) :=
{
g ∈ H : ∥g∥n ≥ u,

∣∣∣ 1n n∑
i=1

εig(xi)
∣∣∣ ≥ 2∥g∥n u

}
.

Then for every u ≥ δn,

Pr
[
A(u)

]
≤ e−nu2/2.

Apply Lemma 10 with H = F∗ and u =
√
tδn for t ≥ δn: with probability at least 1− e−ntδn/2,

the event Ac(
√
tδn) holds. On this event, if ∥∆̂∥n ≥

√
tδn, then ∆̂ ∈ F∗ satisfies

∣∣ 1
n

∑
i

εi∆̂(xi)
∣∣ ≤ 2∥∆̂∥n

√
tδn.

Combined with (10): 1
2
∥∆̂∥2n ≤ 2∥∆̂∥n

√
tδn, so ∥∆̂∥n ≤ 4

√
tδn, i.e. ∥∆̂∥2n ≤ 16 t δn. Hence

Pr
[
∥∆̂∥2n ≥ 16 t δn

]
≤ Pr[A(

√
tδn)] ≤ e−ntδn/2,

which is (12). The in-expectation bound follows by integrating the tail: E∥∆̂∥2n =
∫∞
0

Pr[∥∆̂∥2n >

s] ds ≲ δ2n + 1/n.
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Part II

Minimax Lower Bounds

1 Reduction from Estimation to Testing

1.1 The minimax framework

Let Θ be a parameter space (the “hypothesis class”; often infinite-dimensional, e.g., Hölder or

Sobolev classes) and {Pθ : θ ∈ Θ} an associated family of probability measures on X . Each θ defines

a distribution of the data (densities, regression functions, etc.). An estimator θ̂n = θ̂n(X1, . . . , Xn)

is any measurable function of the sample.

Fix a semi-metric d on Θ (the loss): a symmetric function with d(θ, θ) = 0 satisfying the

triangle inequality (but not necessarily positive definite). The risk of θ̂n at θ is Eθ[d
2(θ̂n, θ)] and

the worst-case risk is

R(θ̂n) := sup
θ∈Θ

Eθ

[
d2(θ̂n, θ)

]
.

The minimax risk is

R∗ := inf
θ̂n

sup
θ∈Θ

Eθ

[
d2(θ̂n, θ)

]
,

where the infimum ranges over all measurable estimators. A rate Φn → 0 is a minimax upper

bound if lim supR∗/Φn ≤ C, and a lower bound if lim inf R∗/Φn ≥ c > 0. When the two rates

match, the estimator is minimax rate-optimal. Obtaining matching lower bounds is the subject of

this Part.

1.2 The three-step reduction to testing

Fix a target rate Φn. Lower bounds are obtained by reducing risk control to a testing problem.

Step 1 (Markov’s inequality). For any Φn > 0,

sup
θ∈Θ

Eθ

[
d(θ̂n, θ)

Φn

]
≥ sup

θ∈Θ
Eθ

[
1{d(θ̂n, θ) ≥ Φn}

]
= sup

θ∈Θ
Pθ

(
d(θ̂n, θ) ≥ Φn

)
. (21)

Step 2 (restriction to a finite subset). For any finite {θ1, . . . , θM} ⊆ Θ,

sup
θ∈Θ

Pθ(d(θ̂n, θ) ≥ Φn) ≥ max
j∈[M ]

Pθj

(
d(θ̂n, θj) ≥ Φn

)
. (22)
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Step 3 (minimum-distance test + triangle inequality). A test function is a measurable

map ϕ : X n → [M ]. Define the minimum-distance test

ϕ∗ := argmin
k∈[M ]

d(θ̂n, θk).

If {θ1, . . . , θM} form a 2Φn-packing of Θ (i.e., d(θj, θk) ≥ 2Φn for all j ̸= k), then the event

{d(θ̂n, θj) ≤ Φn} implies ϕ∗ = j by the reverse triangle inequality:

d(θ̂n, θk) ≥ d(θj, θk)− d(θ̂n, θj) ≥ 2Φn − Φn = Φn ≥ d(θ̂n, θj) ∀k ̸= j.

Hence Pθj(d(θ̂n, θj) ≥ Φn) ≥ Pθj(ϕ
∗ ̸= j), so

max
j∈[M ]

Pθj(d(θ̂n, θj) ≥ Φn) ≥ inf
ϕ

max
j∈[M ]

Pθj(ϕ ̸= j), (23)

with the inf over all tests ϕ : X n → [M ].

Putting it together. Combining (21)–(23):

inf
θ̂n

sup
θ∈Θ

Eθ

[
d(θ̂n, θ)

Φn

]
≥ inf

ϕ
max
j∈[M ]

Pθj(ϕ ̸= j), (24)

and, since d2 ≥ 0 is monotone,

inf
θ̂n

sup
θ∈Θ

Eθ

[
d2(θ̂n, θ)

]
≥ Φ2

n inf
ϕ

max
j∈[M ]

Pθj(ϕ ̸= j).

The rate Φn is proved to be a minimax lower bound once infϕ maxj Pθj(ϕ ̸= j) ≥ c > 0 for a

constant c independent of n.

Often we upper-bound the max by the average,

inf
ϕ

max
j∈[M ]

Pθj(ϕ ̸= j) ≥ inf
ϕ

1
M

M∑
j=1

Pθj(ϕ ̸= j), (25)

since Fano’s and related information-theoretic inequalities are stated in terms of averaged error.

The averaged error has a clean probabilistic interpretation: sample J ∼ Unif([M ]) and, given

J = j, draw X ∼ Pθj . Let Q denote the joint law of (X, J). Then

inf
ϕ

1
M

∑
j

Pθj(ϕ ̸= j) = inf
ϕ
Q(ϕ(X) ̸= J).
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The marginal law of X under Q is the mixture Q̄ = 1
M

∑M
j=1 Pθj .

This reduction is the common backbone of the methods in the remainder of Part II: Le Cam

(M = 2), Fano (M large), and Yang–Barron (also M large, but using a discretization of the

distribution space rather than the parameter space).

2 Le Cam’s Two-Point Method

2.1 f-divergences and key inequalities

Definition 11 (f -divergence). Let f : (0,∞) → R be convex with f(1) = 0. For probability

measures P,Q with densities p, q w.r.t. a σ-finite measure ν,

Df (P ∥Q) :=

∫
q(x) f

(
p(x)

q(x)

)
dν(x) (= +∞ if P ̸≪ Q).

Four classical cases:

(i) Total variation (f(x) = |x− 1|/2): ∥P −Q∥TV = 1
2

∫
|p− q| dν = supA |P (A)−Q(A)|.

(ii) Hellinger squared (f(x) = (
√
x− 1)2): H2(P,Q) =

∫
(
√
p−√

q)2 dν.

(iii) Kullback–Leibler (f(x) = x log x): KL(P ∥Q) =
∫
p log(p/q) dν.

(iv) Chi-squared (f(x) = (x− 1)2): χ2(P ∥Q) =
∫ (p−q)2

q
dν =

∫
p2

q
dν − 1.

Lemma 11 (Classical divergence inequalities). For any probability measures P , Q:

(i) Pinsker: ∥P −Q∥TV ≤
√

1
2
KL(P ∥Q).

(ii) Le Cam: 1
2
H2(P,Q) ≤ ∥P −Q∥TV ≤ H(P,Q)

√
1−H2(P,Q)/4.

(iii) χ2 bound on TV: ∥P −Q∥TV ≤ 1
2

√
χ2(P ∥Q).

(iv) Ordering: ∥P −Q∥TV ≤ H(P,Q) ≤
√
KL(P ∥Q) ≤

√
χ2(P ∥Q).

The proofs follow from Cauchy–Schwarz and log x ≤ x− 1; see Tsybakov (2009, §2.4).

Lemma 12 (Tensorization). For i.i.d. samples and product measures P⊗n, Q⊗n,

KL(P⊗n ∥Q⊗n) = nKL(P ∥Q),

H2(P⊗n, Q⊗n) ≤ nH2(P,Q),

χ2(P⊗n ∥Q⊗n) =
(
1 + χ2(P ∥Q)

)n − 1.

The TV distance does not tensorize in a useful way.
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Proof for Hellinger. 1− 1
2
H2(P⊗n, Q⊗n) =

∫ √
dP n dQn =

( ∫ √
dP dQ

)n
= (1− 1

2
H2(P,Q))n. The

inequality 1− (1− x)n ≤ nx for x ∈ [0, 1] gives H2(P n, Qn) ≤ nH2(P,Q).

2.2 Binary testing and the TV lower bound

Specializing the three-step reduction to M = 2 hypotheses θ0, θ1, the averaged error probability

is

Q(ϕ(X) ̸= J) = 1
2
P0(ϕ(X) ̸= 0) + 1

2
P1(ϕ(X) ̸= 1),

where Pj := Pθj . For any test ϕ, let A := {x : ϕ(x) = 1}. Then

Q(ϕ = J) = 1
2
P0(A

c) + 1
2
P1(A) =

1
2
+ 1

2
(P1(A)− P0(A)).

Taking the supremum over A gives the Bayes risk

inf
ϕ
Q(ϕ ̸= J) = 1

2
− 1

2
sup
A

|P1(A)− P0(A)| = 1
2

(
1− ∥P0 − P1∥TV

)
.

Combining with the three-step reduction:

Theorem 7 (Le Cam’s two-point lower bound). Let θ0, θ1 ∈ Θ satisfy d(θ0, θ1) ≥ 2Φn. Then

inf
θ̂n

sup
θ∈Θ

Eθ

[
d(θ̂n, θ)

]
≥ Φn · 1

2

(
1− ∥P n

θ0
− P n

θ1
∥TV

)
, (26)

where P n
θj

= P⊗n
θj

. In particular, if ∥P n
θ0
− P n

θ1
∥TV ≤ α < 1, then the minimax lower bound scales

like Φ2
n in squared loss.

In practice, TV is bounded via H2 or χ2 using Lemmas 11–12; a common workflow is: (i)

choose two hypotheses separated by 2Φn in parameter space; (ii) tensorize Hellinger/KL/χ2 to get

n-sample bounds; (iii) apply Lemma 11.

2.3 Example: Gaussian location (parametric benchmark)

Let X1, . . . , Xn
i.i.d.∼ N (θ, σ2) with θ ∈ R. The loss is d(θ, θ′) = |θ − θ′|. Take θ0 = 0, θ1 = 2Φn,

so d(θ0, θ1) = 2Φn.

For two univariate Gaussians P = N (µ0, σ
2) and Q = N (µ1, σ

2) with common variance, a

direct computation gives

1 + χ2(P ∥Q) =

∫
p(x)2

q(x)
dx = exp

(
(µ0 − µ1)

2

σ2

)
. (27)

22



Indeed, completing the square in −2(x−µ0)
2+(x−µ1)

2 shows that p(x)2/q(x) equals the density

of N (2µ0−µ1, σ
2) multiplied by the constant exp

(
(µ0−µ1)

2/σ2
)
, and the former integrates to 1.

Combining with the tensorization identity 1 + χ2(P⊗n ∥Q⊗n) = (1+ χ2(P ∥Q))n from Lemma 12,

χ2(P n
0 ∥P n

1 ) = exp

(
n(θ1 − θ0)

2

σ2

)
− 1 = exp

(
4nΦ2

n

σ2

)
− 1.

Choosing Φn = σ/(2
√
n) gives χ2 ≤ e− 1, hence ∥P n

0 − P n
1 ∥TV ≤ 1

2

√
e− 1 < 1. Theorem 7 yields

inf θ̂ supθ Eθ|θ̂ − θ| ≳ σ/
√
n, and by monotonicity of x 7→ x2, also ≳ σ2/n in squared loss. The

sample mean X̄n ∼ N (θ, σ2/n) achieves Eθ(X̄n − θ)2 = σ2/n, so the bound is sharp.

2.4 Modulus of continuity and pointwise Lipschitz density

Le Cam’s two-point method is often phrased through the modulus of continuity. Let θ : F → R
be a real-valued functional on a class F of densities, with the Hellinger distance on F . Define

ω(ε; θ,F) := sup{|θ(f)− θ(g)| : H(f, g) ≤ ε}.

Choosing f, g ∈ F with H2(f, g) ≤ 1/(4n) (so H2(P n
f , P

n
g ) ≤ 1/4 and ∥P n

f − P n
g ∥TV ≤ 1/2 by

Lemma 11(ii)) gives

inf
θ̂n

sup
f∈F

E
[
|θ̂n − θ(f)|2

]
≳ ω

(
1√
4n
; θ,F

)2
.

Example 6 (Pointwise estimation of a Lipschitz density, rate n−2/3). Let F = {f : [−1/2, 1/2] →
R+ : |f(x)−f(y)| ≤ |x−y|,

∫
f = 1} (Lipschitz densities on an interval). The target functional is

θ(f) = f(0), with pointwise loss d(f, g) = |f(0)− g(0)|. Take f ≡ 1 and the two-lobe perturbation

g(x) := f(x) + φ(x), φ(x) :=


δ − |x|, |x| ≤ δ,

|x− 2δ| − δ, x ∈ (δ, 3δ],

0, otherwise,

(28)

for δ ∈ (0, 1/6] (so supp(φ) ⊆ [−δ, 3δ] ⊆ [−1/2, 1/2]). The function φ consists of a positive tent of

height δ on [−δ, δ] and a negative tent of depth δ on [δ, 3δ], each of base 2δ. Hence
∫
φ = δ2−δ2 = 0,

so g integrates to 1; moreover g ≥ 1 − δ > 0 and g is 1-Lipschitz (the tents have slope ±1), so

g ∈ F .

A second-order Taylor expansion of t 7→ (
√
1 + t− 1)2 = t2/4 +O(t3) around t = 0 gives

H2(f, g) =

∫ 1/2

−1/2

(√
1−

√
1 + φ(x)

)2
dx = 1

4

∫
φ2 dx+O(δ4).
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Since
∫
φ2 = 2 · 2

∫ δ

0
(δ − u)2 du = 4δ3

3
(two tents, each with L2-mass 2δ3/3), we get H2(f, g) ≤

δ3

3
+ O(δ4) ≲ δ3. Choose δ = c n−1/3 with c > 0 small enough that H2(f, g) ≤ 1/(4n). Then the

modulus lower bound ω(1/
√
4n) ≥ |f(0) − g(0)| = |φ(0)| = δ combined with Theorem 7 (via the

Hellinger form of Section 2.4) gives

inf
θ̂n

sup
f∈F

E|θ̂n − f(0)|2 ≳ δ2 ≍ n−2/3.

The matching upper bound is obtained by a KDE with order-1 kernel (Lemmas 1–2 with β = 1).

For the Hölder extension H(β, L), replacing φ by a scaled bump of height Lδβ yields H2 ≲ δ2β+1

and the rate n−2β/(2β+1); see Tsybakov (2009, §2.5).

2.5 Minimax lower bound for Hölder nonparametric regression

Consider fixed-design regression Yi = f(xi)+εi with xi ∈ [0, 1], εi
iid∼ N (0, σ2), and f ∈ H(β, L)

(Hölder class). The pointwise loss is d(f, g) = |f(x0)− g(x0)|.
Assume a mild design regularity condition: there exists a > 0 such that

1

n

n∑
i=1

1{xi ∈ A} ≤ a ·max
(
Leb(A), 1/n

)
for every interval A ⊆ [0, 1], (29)

i.e., the empirical design measure is dominated by Lebesgue measure plus a 1/n bulk term. Let

K0(u) := exp

(
− 1

1− u2

)
1{|u| < 1}, K(u) := a∗ ·K0(2u),

where a∗ > 0 is chosen so that K ∈ H(β, 1/2) ∩ C∞ and K is supported in (−1/2, 1/2).

Choose

f0 ≡ 0, f1(x) = Lhβ K

(
x− x0

h

)
, h = C0 n

−1/(2β+1),

with C0 > 0 small.

(i) Both hypotheses lie in the class. f0 ∈ H(β, L) trivially. Writing u = (x − x0)/h and

u′ = (x′ − x0)/h, one computes f
(ℓ)
1 (x) = Lhβ−ℓ K(ℓ)(u), so

∣∣f (ℓ)
1 (x)− f

(ℓ)
1 (x′)

∣∣ ≤ Lhβ−ℓ · 1
2
|u− u′|β−ℓ = L

2
|x− x′|β−ℓ ≤ L|x− x′|β−ℓ,

using K ∈ H(β, 1/2) for the first inequality.

(ii) Separation. d(f0, f1) = |f1(x0)| = LhβK(0) = LCβ
0 K(0)n−β/(2β+1) =: 2Φn.
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(iii) KL control. Under f1, Yi ∼ N (f1(xi), σ
2) (independently), so

KL(P n
0 ∥P n

1 ) =
n∑

i=1

f 2
1 (xi)

2σ2
≤ L2h2βK2

max

2σ2
·

n∑
i=1

1
{∣∣xi−x0

h

∣∣ ≤ 1
2

}
≤ L2K2

max

2σ2
n ah2β+1.

Since h2β+1 ≍ n−1, this equals L2K2
maxa

2σ2 C2β+1
0 =: α, a constant. Choosing C0 small enough

makes α < log 2; Pinsker’s inequality then gives ∥P n
0 − P n

1 ∥TV ≤
√

α/2 < 1/2.

Theorem 7 yields

inf
f̂n

sup
f∈H(β,L)

Ef

[
|f̂n(x0)− f(x0)|2

]
≳ n− 2β

2β+1 . (30)

This matches the kernel upper bound from Section 1.3: the KDE with bandwidth h∗
n ≍ n−1/(2β+1)

and kernel of order ⌊β⌋ is minimax rate-optimal for pointwise estimation on the Hölder class.

3 Fano’s Method

The two-point method suffices when the rate is dominated by a “small” separation in the

distribution space. When the rate is determined by the complexity of Θ—e.g., global L2 risk on

the Sobolev class—we need many hypotheses. This is handled by Fano’s inequality.

3.1 Mutual information

With the mixture setup from Section 1.2: J ∼ Unif([M ]), X|J = j ∼ P n
θj
. The marginal of X

is Q̄ = M−1
∑

j P
n
θj
.

Definition 12 (Mutual information). I(X; J) := KL(QX,J ∥QX ⊗QJ) =
1
M

∑M
j=1KL(P n

θj
∥ Q̄).

Note I(X; J) ≥ 0, with equality iff X ⊥ J . The key convexity identity (see Lemma 13) relates

Q̄ to the KL-barycenter of {P n
θj
}.

Lemma 13 (KL-barycenter). Q̄ = M−1
∑M

j=1 P
n
θj

= argminQ

∑M
j=1KL(P n

θj
∥Q). In particular,

I(X; J) ≤ 1
M

∑
j KL(P n

θj
∥Q) for any distribution Q.

Proof. Using KL(P ∥Q) = EP log dP − EP log dQ and dropping the term not depending on Q,

the minimization reduces to maxQ
1
M

∑
j

∫
log dQdP n

θj
= maxQ

∫
log(dQ) dQ̄, which by Gibbs’

inequality is maximized at Q = Q̄.

A Jensen-type corollary that is easier to compute in practice:

I(X; J) ≤ 1
M2

M∑
j,k=1

KL(P n
θj
∥P n

θk
) ≤ max

j ̸=k
KL(P n

θj
∥P n

θk
).
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3.2 Fano’s inequality

Theorem 8 (Fano’s inequality). Let {θ1, . . . , θM} be a 2Φn-packing of (Θ, d). Then

inf
θ̂n

sup
θ∈Θ

Eθ

[
d2(θ̂n, θ)

]
≥ Φ2

n

[
1− I(X; J) + log 2

logM

]
.

Proof sketch. Apply (24) and (25) to reduce to the averaged error infϕQ(ϕ(X) ̸= J). The classical

Fano inequality (see, e.g., Cover and Thomas, 2006, Thm. 2.10.1) states

H(J | X) ≤ Hb

(
Q(ϕ(X) ̸= J)

)
+ Q(ϕ(X) ̸= J) · log(M − 1),

whereHb(p) := −p log p−(1−p) log(1−p) ≤ log 2. Since J ∼ Unif([M ]) has entropyH(J) = logM

and mutual information satisfies I(X; J) = H(J)−H(J | X), we get H(J | X) = logM−I(X; J).

Combined with Fano’s inequality, using Hb ≤ log 2 and log(M − 1) ≤ logM ,

logM − I(X; J) ≤ log 2 +Q(ϕ ̸= J) logM,

and rearranging gives Q(ϕ ̸= J) ≥ 1− (I(X; J) + log 2)/ logM . Plugging into (24) completes the

proof.

To use Fano’s inequality one needs a packing {θj} that is (a) well-separated in d and (b) has

small KL divergence.

3.3 Varshamov–Gilbert packing on the hypercube

Lemma 14 (Varshamov–Gilbert). Let Hm := {±1}m and dH(α, β) := m−1
∑m

j=1 1{αj ̸= βj} be

the rescaled Hamming distance. There exists a subset Ω ⊆ Hm with

|Ω| ≥ exp(m/8) and dH(α, β) ≥ 1
4

for all α ̸= β ∈ Ω.

Proof. Let s = ⌊m/4⌋. The number of points within Hamming distance s of a given α is
∑s

j=0

(
m
j

)
.

If {α1, . . . , αN} ⊆ Hm is a maximal (1/4)-covering of Hm under dH , the balls of Hamming radius

s around the αi cover H
m, so N ·

∑s
j=0

(
m
j

)
≥ 2m. Letting ξ1, . . . , ξm be i.i.d. Bernoulli(1/2),

2−m

s∑
j=0

(
m

j

)
= Pr

(
m∑
i=1

ξi ≤ m/4

)
≤ e−m/8

by Hoeffding’s inequality (since E
∑

i ξi = m/2). Hence N ≥ em/8. By duality, the packing number

M(1/4;Hm, dH) ≥ N ≥ em/8.
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3.4 Example: density estimation in C2, rate n−4/5

Let F = {f : [0, 1] → [c0, c1] : ∥f ′′∥∞ ≤ c2,
∫ 1

0
f = 1} for constants 0 < c0 < 1 < c1, c2 > 0.

We establish

inf
f̂n

sup
f∈F

E
[
H2(f̂n, f)

]
≳ n−4/5.

Equivalently, since H(f, g) ∼ ∥f − g∥L2[0,1] ∼
√

KL(f ∥ g) on F (Theorem 9 below applied to a

class of densities uniformly bounded away from 0), the same rate holds in L2 and
√
KL.

Theorem 9 (Equivalence of metrics on bounded-density classes). If P,Q have densities p, q with

0 < c1 ≤ p(x), q(x) ≤ c2 < ∞ on [0, 1], then there exist constants k1, k2, k3 depending only on

(c1, c2) such that

k1

∫
(p− q)2 ≤ KL(P ∥Q) , χ2(P ∥Q) ≤ k2

∫
(p− q)2, KL(P ∥Q) ≤ k3H

2(P,Q).

Step 1 (construct packing). Let ϕ : [0, 1] → R be a fixed C2 bump with ∥ϕ∥∞ ≤ 1/2 and
∫ 1

0
ϕ = 0.

For α ∈ {±1}m and xj = j/m (j = 0, . . . ,m− 1), set

fα(x) := 1 +
m−1∑
j=0

αjϕj(x), ϕj(x) :=
C∗

m2
ϕ(m(x− xj))1{x ∈ [xj, xj+1]}.

With C∗ > 0 small enough, each fα ∈ F . The choice of the prefactor m−2 (and not m−1) is

driven by the smoothness β = 2 implicit in the class F : the second derivative of ϕj scales as

∥ϕ′′
j∥∞ = C∗∥ϕ′′∥∞ ·m0, so ∥f ′′

α∥∞ ≤ c2 provided C∗ ≤ c2/∥ϕ′′∥∞. More generally, on H(β, L) one

would use ϕj = (C∗/m
β)ϕ(m(x− xj))1{x ∈ [xj, xj+1]}, see the remark at the end of this section.

Step 2 (separation in Hellinger). For α ̸= β in a Varshamov–Gilbert subset Ω with dH(α, β) ≥ 1/4

(Lemma 14),

H2(fα, fβ) =

∫ 1

0

(
√
fα −

√
fβ)

2 ≍
∫ 1

0

(fα − fβ)
2

≳
m−1∑
j=0

(αj − βj)
2 · C

2
∗

m4

∫ xj+1

xj

ϕ2(m(x− xj)) dx

≍ m

4
· C

2
∗

m5
∥ϕ∥2L2[0,1] ≳

1

m4
.

Hence the packing has Hellinger separation Φn ≍ m−2.

Step 3 (bound mutual information). By Theorem 9, KL(fα ∥ fβ) ≲ ∥fα − fβ∥2L2 ≲ m−4. Tensoriza-
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tion gives

KL(P n
fα ∥P

n
fβ
) = nKL(fα ∥ fβ) ≲

n

m4
.

Combined with Lemma 13, I(X; J) ≲ n/m4.

Step 4 (apply Fano). From Lemma 14, logM ≥ m/8. Theorem 8 requires

I(X; J) + log 2

logM
≤ Cn/m4 + log 2

m/8
<

1

2
⇐⇒ n ≲ m5.

Taking m ≍ n1/5 gives Φn ≍ m−2 ≍ n−2/5, yielding the n−4/5 Hellinger-squared lower bound.

Remark 4 (Regression extension). By essentially the same construction, one obtains the lower

bound n−4/5 for fixed-design Gaussian regression on the C2-class, and more generally

inf
f̂n

sup
f∈H(β,L)

E∥f̂n − f∥2L2 ≳ n−2β/(2β+1).

The proof replaces the perturbations ϕj by bumps of magnitude C∗/m
β (matching the smoothness

β) and repeats the four steps; see Tsybakov (2009, §2.6). This matches the upper bound achievable

by the KDE of Section 1.5 on the Sobolev class.

Exercise 1. Prove: there exists c > 0 such that

lim inf
n→∞

inf
f̂n

sup
f∈H(β,L)

Ef

[
∥f̂n − f∥2L2 · n

2β
2β+1

]
≥ c.

4 The Yang–Barron Method

Fano’s method requires a packing of Θ and a uniform bound on pairwise KL. The Yang–Barron

method (Yang and Barron, 1999) replaces the pairwise bound by a covering of the distribution space

P = {Pθ : θ ∈ Θ} in
√
KL, which often simplifies computation.

Theorem 10 (Yang–Barron mutual information bound). Let NKL(ϵ;P) denote the ϵ-covering

number of P in
√
KL-distance (ρ(P,Q) =

√
KL(P ∥Q)). With the mixture setup of Section 3.1,

I(X; J) ≤ inf
ϵ>0

[
ϵ2 + logNKL(ϵ;P)

]
.

Proof. By Lemma 13 with Q chosen freely, I(X; J) ≤ 1
M

∑
j KL(Pθj ∥Q) ≤ maxj KL(Pθj ∥Q). Fix

ϵ > 0 and let {γ1, . . . , γN} be a
√
KL-ϵ-cover of P : for each j there is kj with KL(Pθj ∥Pγkj

) ≤ ϵ2.
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Take Q = N−1
∑

k Pγk . Then

KL(Pθj ∥Q) = EPθj
log

dPθj

N−1
∑

k dPγk

≤ EPθj
log

dPθj

N−1dPγkj

= KL(Pθj ∥Pγkj
) + logN ≤ ϵ2 + logNKL(ϵ;P).

Proposition 5 (Yang–Barron method). Suppose one can find sequences (ϵn,Φn) such that

(i) ϵ2n ≥ logNKL(ϵn/
√
n;P),

(ii) logM(2Φn; Θ, d) ≥ 4ϵ2n + 2 log 2.

Then the minimax d-risk is at least Φ2
n/2 up to constants.

Proof. Apply Theorem 10 to the n-sample family Pn. The KL-tensorization KL(P n∥Qn) =

nKL(P∥Q) (Lemma 12) yields the covering-number identity

N√
KL(ϵ;P

n) = N√
KL(ϵ/

√
n;P),

so condition (i) implies I(X; J) ≤ 2ϵ2n. Combined with (ii),

I(X; J) + log 2

logM(2Φn; Θ, d)
≤ 2ϵ2n + log 2

4ϵ2n + 2 log 2
= 1

2
.

Fano’s Theorem 8 then yields the claimed lower bound.

Example 7 (Density estimation in C2, revisited). Take F as in Section 3.4. On this class,

∥f − g∥L2 ∼ H(f, g) ∼
√

KL(f ∥ g) (Theorem 9), and it is standard that

logN(δ;F , ∥ · ∥2) ≍ δ−1/2 as δ → 0.

Hence the corresponding KL-covering number is logNKL(ϵ;F) ≍ ϵ−1/2.

(i) Condition (i): ϵ2n ≥ logNKL(ϵn/
√
n;F) ≍ (

√
n/ϵn)

1/2, giving ϵ5n ≍
√
n, i.e. ϵn ≍ n1/10.

(ii) Condition (ii): by duality, logM(2Φn;F , ∥·∥2) ≍ logN(2Φn) ≍ Φ
−1/2
n . So Φ

−1/2
n ≳ ϵ2n ≍ n1/5,

giving Φn ≍ n−2/5.

Therefore Φ2
n ≍ n−4/5, matching the Fano computation in Section 3.4.
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Part III

Generalization in Machine Learning

1 Empirical Risk Minimization, Risk, and Excess Risk

We now turn to supervised learning. Let X be a feature space, Y a label space, and suppose

(Xi, Yi)
iid∼ P on X × Y , for i = 1, . . . , n. Fix a hypothesis class F of functions f : X → Y (or

X → R for regression) and a loss ℓ : F × X × Y → R.

Example 8. • Regression, squared loss: ℓ(f ;x, y) = (f(x)− y)2.

• Binary classification (Y = {0, 1}), 0–1 loss: ℓ(f ; x, y) = 1{f(x) ̸= y}.

• Binary classification, cross-entropy: ℓ(f ; x, y) = −y log σ(f(x)) − (1 − y) log(1 − σ(f(x))) with

σ(z) = 1/(1 + e−z).

Define population and empirical risks

R(f) := E(x,y)∼P

[
ℓ(f ;x, y)

]
, R̂n(f) :=

1

n

n∑
i=1

ℓ(f ;Xi, Yi).

The empirical risk minimizer is

f̂n := argmin
f∈F

R̂n(f).

Two quantities evaluate f̂n:

• Generalization error: gen(f) := R(f) − R̂n(f). A random quantity measuring how well the

in-sample risk predicts out-of-sample risk.

• Excess risk: ∆(f) := R(f) − R(f ∗) where f ∗ := argminf∈F R(f) (often called the Bayes

classifier in F). The population-level benchmark.

The two are related (see Section 3) but not equal. In general, excess risk admits fast rates that

generalization error alone cannot deliver.

2 Generalization Error for ERM

Standing assumptions for this section:

(A1) Domain. X = [0, 1]d (technical convenience for concentration).
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(A2) Loss. The loss is uniformly bounded, ∥ℓ∥∞ ≤ M , and uniformly Lipschitz in its first

argument,

|ℓ(f ;x, y)− ℓ(f ′; x, y)| ≤ L ∥f − f ′∥2 ∀ x ∈ [0, 1]d, y ∈ Y .

(A3) VC-type hypothesis class. There exist constants A, V > 0 such that the covering numbers

of F in ∥ · ∥2 satisfy

N(ϵ ∥F∥2;F , ∥ · ∥2) ≤ (A/ϵ)V ∀ ϵ ∈ (0, 1]. (31)

W.l.o.g. ∥F∥2 = 1 (rescaling F). We write F ∈ VC(V,A).

Remark 5 (Uniform covering over all probability measures). In the empirical-process literature

(e.g., van der Vaart and Wellner, 2023, Ch. 2.5), the VC assumption is often formulated uniformly:

sup
Q

N(ε∥F∥Q,2;F , ∥ · ∥Q,2) ≤ (A/ε)V ,

where the supremum is over all finitely discrete probability measures Q on X . This implies (31)

for any fixed P with ∥F∥P,2 < ∞ (VdV–Wellner, Ch. 2.5, Exercise 1).

2.1 Crude bound via covering and union

Theorem 11 (Crude generalization-error bound). Under (A1)–(A3), for any δ ∈ (0, 1), with

probability at least 1− δ,

gen(f̂n) ≲A,L,M

√
V log n

n
+

√
log(1/δ)

n
. (32)

Proof. Fix f ∈ F . Since {ℓ(f ;Xi, Yi)}ni=1 are i.i.d. in [−M,M ], Hoeffding gives

Pr
(
R̂n(f)−R(f) ≥ τ

)
≤ exp

(
− nτ 2

2M2

)
. (33)

Take a minimal ϵ-cover Nϵ of F in ∥ · ∥2; by (A3), |Nϵ| ≤ (A/ϵ)V . For the ERM f̂n, there exists

g ∈ Nϵ with ∥f̂n − g∥2 < ϵ. By (A2),

|ℓ(f̂n; x, y)− ℓ(g; x, y)| ≤ Lϵ,

and Jensen’s inequality gives |R(f̂n)−R(g)| ≤ Lϵ and |R̂n(f̂n)− R̂n(g)| ≤ Lϵ. Hence

gen(f̂n) = R(f̂n)− R̂n(f̂n) ≤ 2Lϵ+
[
R(g)− R̂n(g)

]
. (34)
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Taking a union bound over Nϵ in (33),

Pr

[
max
g∈Nϵ

(R̂n(g)−R(g)) ≥ τ

]
≤ (A/ϵ)V e−nτ2/(2M2).

Set the RHS to δ: τ 2 = 2M2

n
[V log(A/ϵ)+log(1/δ)]. Choose ϵ = 1/

√
n to balance the Lipschitz error

2Lϵ against τ ; this yields (32). The
√

V log n/n arises from V log(A
√
n) = V logA+ 1

2
V log n.

2.2 Chaining: removing the log n

Lemma 15 (McDiarmid’s inequality). Let X1, . . . , Xn be independent random variables with Xi ∈
Xi, and f :

∏
iXi → R a measurable function satisfying the bounded-differences property

sup
x1,...,xn,x′

i

|f(x)− f(x1, . . . , x
′
i, . . . , xn)| ≤ ci (i = 1, . . . , n).

Then, for Z = f(X1, . . . , Xn) with µ = EZ, and every t > 0,

Pr(|Z − µ| ≥ t) ≤ 2 exp

(
− 2t2∑n

i=1 c
2
i

)
.

Theorem 12 (Chaining-based generalization bound). Under (A1)–(A3), for any δ ∈ (0, 1), with

probability at least 1− δ,

gen(f̂n) ≲A,L,M

√
V

n
+

√
log(1/δ)

n
. (35)

Proof. Define φ(S) := supf∈F
(
R(f)−R̂n(f)

)
viewed as a function of the sample S = {(Xi, Yi)}ni=1.

Changing one data point changes R̂n(f) by at most 2M/n for any f , so the bounded-differences

constant is ci = 2M/n. McDiarmid gives

Pr(φ(S)− Eφ(S) ≥ τ) ≤ exp

(
− nτ 2

2M2

)
,

so with probability at least 1− δ,

φ(S) ≤ Eφ(S) +M

√
2 log(1/δ)

n
. (36)

It remains to bound Eφ(S). Define the centered empirical process

Q(f) :=
1√
n

n∑
i=1

[
ℓ(f ;Xi, Yi)− Eℓ(f ;Xi, Yi)

]
.
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Then φ(S) = 1√
n
supf∈F(−Q(f)) has mean 1√

n
E supf Q(f) (by symmetry; see van der Vaart and

Wellner, 2023, §2.3). Fix f, g ∈ F . By Hoeffding applied to 1√
n

∑
i

[
ℓ(f ; ·) − ℓ(g; ·)

]
(centered,

bounded by L∥f − g∥2 in magnitude),

Pr(Q(f)−Q(g) ≥ ϵ) ≤ exp

(
− ϵ2

2L2∥f − g∥22

)
.

Hence {Q(f)}f∈F is a mean-zero sub-Gaussian process on (F , L√
2
∥ · ∥2). The diameter of F is

D ≲ L
√
M (by ∥f∥∞ ≤ M). Theorem 4 (Dudley) combined with (31) gives

E sup
f∈F

Q(f) ≲
∫ D

0

√
logN(u;F , L∥ · ∥2) du

≲
∫ L

√
M/2

0

√
V log(A/u) du ≲

√
V ,

since
∫ c

0

√
log(A/u) du is a universal constant for bounded c. Therefore Eφ(S) ≲

√
V/n, and

combined with (36) yields (35).

Remark 6 (Sharpness). The rate
√

V/n matches the parametric rate on VC-type classes (modulo

the VC index V ), and is known to be tight for typical classes; see Wainwright (2019, §4.3) and

Bartlett et al. (2005).

2.3 Gaussian location: sharpness of (V + log(1/δ))/n

Consider Yi = w∗ + εi with εi
iid∼ N (0, 1), w∗ ∈ R, and squared loss ℓ(w; y) = (y − w)2. The

ERM is ŵn = Ȳn = n−1
∑

i Yi. Elementary computation:

R(ŵn) = E(Y − ŵn)
2 = (ŵn − w∗)2 + 1,

R̂n(ŵn) = (ŵn − w∗)2 +
1

n

∑
i

ε2i +
2

n
(w∗ − ŵn)

∑
i

εi.

Hence

gen(ŵn) = 1− 1
n

∑
i

ε2i −
2(ŵn−w∗)

n

∑
i

εi.

The third term is lower order; the second is a chi-squared fluctuation. By standard concentration

(Laurent and Massart, 2000, Lem. 1), Pr
(
1
n

∑
i(1− ε2i ) ≥ τ

)
≤ e−nτ2/4, so

gen(ŵn) ≍
√

log(1/δ)
n

with probability at least 1− δ.
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The rate in Theorem 12 is thus sharp up to the VC constant, even in the simplest parametric

example.

3 Excess Risk via Localization

The generalization-error bound controls the worst-case deviation between empirical and popu-

lation risks. The excess risk ∆(f̂n) = R(f̂n)−R(f ∗) is a weaker benchmark, but typically admits

fast rates ∼ (V + log(1/δ))/n rather than
√

(V + log(1/δ))/n.

3.1 Link to generalization error

For any f̂n ∈ F with R̂n(f̂n) ≤ R̂n(f
∗) (proper ERM),

∆(f̂n) = R(f̂n)−R(f ∗)

= R(f̂n)− R̂n(f̂n)︸ ︷︷ ︸
=gen(f̂n)

+ R̂n(f̂n)− R̂n(f
∗)︸ ︷︷ ︸

≤0 (ERM)

+ R̂n(f
∗)−R(f ∗)︸ ︷︷ ︸

=−gen(f∗)

≤ gen(f̂n)− gen(f ∗)

≤ 2 sup
f∈F

|R(f)− R̂n(f)|.

Hence Theorem 12 gives ∆(f̂n) ≲
√

V/n; but a curvature argument yields ∆(f̂n) ≲ V/n, as we

now explain.

3.2 Curvature assumption and localization

Add to the assumptions of Section 2:

(A4) Curvature. There exists τ > 0 such that for all f ∈ F , x ∈ X , y ∈ Y ,

1
2
τ ∥f − f ∗∥22 ≤ ℓ(f ; x, y)− ℓ(f ∗; x, y) ≤ τ ∥f − f ∗∥22.

(A5) Convexity. F is convex.

The convexity assumption allows us to move along the line segment from f̂n to f ∗. Define the

interpolation

f̃t := tf̂n + (1− t)f ∗, t :=
ϵ

ϵ+ ∥f̂n − f ∗∥2
∈ (0, 1],
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for a tuning parameter ϵ > 0. Then

∥f̃t − f ∗∥2 = t∥f̂n − f ∗∥2 =
ϵ∥f̂n − f ∗∥2

ϵ+ ∥f̂n − f ∗∥2
≤ ϵ,

so f̃t is always within ϵ of f ∗ in L2. Moreover, the event {∥f̂n − f ∗∥2 ≥ ϵ} is equivalent (up to a

factor of 2) to {∥f̃t − f ∗∥2 ≥ ϵ/2}, so proving a tail bound for the localized error suffices.

Define the local class at level η := τϵ2:

F(η) :=
{
f ∈ F : R(f)−R(f ∗) ≤ η

}
.

By (A4), R(f̃t)−R(f ∗) ≤ τϵ2 = η, so f̃t ∈ F(η); also f ∗ ∈ F(η). By convexity of ℓ (which follows

from (A4) with a minor adjustment) and ERM,

R̂n(f̃t) ≤ tR̂n(f̂n) + (1− t)R̂n(f
∗) ≤ R̂n(f

∗).

Writing R0(f) := R(f)−R(f ∗), this rearranges to

R0(f̃t) = R0(f̃t)−R0(f
∗) =

[
R0(f̃t)− R̂n(f̃t)

]
+
[
R̂n(f̃t)− R̂n(f

∗)
]︸ ︷︷ ︸

≤0

+
[
R̂n(f

∗)−R0(f
∗)
]
.

Applying f̃t ∈ F(η) and taking suprema,

R0(f̃t) ≤ 2 sup
f∈F(η)

∣∣R0(f)− R̂n(f)
∣∣.

The lower curvature bound (A4) translates this to L2-error:

∥f̃t − f ∗∥22 ≤ 2
τ

sup
f∈F(η)

∣∣R0(f)− R̂n(f)
∣∣.

3.3 Talagrand’s inequality and localized Rademacher complexity

To bound the local supremum, we use the following concentration result; the one-sided form

with explicit constants is due to Massart (2000) and Bousquet (2002); see Wainwright (2019, §4.3)
and Bartlett et al. (2005, Thm. 5.1) for the variance-dependent version used below.

Theorem 13 (Talagrand’s concentration inequality; one-sided form). Let G be a countable class of

functions g : X → R with supg ∥g∥∞ ≤ B and supg Eg2 ≤ σ2. Let ḡ(S) := 1
n

∑n
i=1 g(Xi)− Eg(X).
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Then, for every s > 0,

Pr

{
sup
g∈G

|ḡ(S)| ≥ E sup
g∈G

|ḡ(S)|+
√

2sσ2

n
+ 2sB

n

}
≤ e−s.

Apply Theorem 13 to the centered excess-loss class G := {gf := ℓ(f ; ·) − ℓ(f ∗; ·) : f ∈ F(η)}.
Condition (A4) gives Eg2f ≲ τη, so we may take σ2 ≲ τη, and B ≤ 2M from (A2). Hence, with

probability at least 1− e−s,

sup
f∈F(η)

∣∣R0(f)− R̂n(f)
∣∣ ≤ E sup

f∈F(η)

∣∣ 1
n

∑
i gf (Xi, Yi)− Egf

∣∣︸ ︷︷ ︸
localized Rademacher/Gaussian complexity

+
√

2sτη
n

+ 4sM
n

.

The expectation can be bounded by chaining (as in Theorem 12) restricted to the local class

F(η); on VC-type classes it scales as
√

ηV/n. Solving the resulting fixed-point equation η ≍√
ηV/n+ τη/

√
n ·

√
s+ sM/n gives η ≍ (V + s)/n.

Theorem 14 (Fast rate for excess risk). Under (A1)–(A3) and (A4)–(A5), for any δ ∈ (0, 1),

with probability at least 1− δ,

∆(f̂n) ≲A,L,M,τ
V

n
+

log(1/δ)

n
.

Remark 7. The essential ingredients are (a) curvature, which converts parameter error into excess

risk; (b) convexity (or star-shapedness) of F , which allows the interpolation f̃t; and (c) Talagrand’s

inequality, which gives variance-dependent concentration. Relaxing (b) to star-shaped is gener-

ally non-trivial. See Bartlett et al. (2005) and Koltchinskii (2006) for a thorough treatment of

localization and oracle inequalities.

Remark 8 (Scope and further reading). The three parts of these notes are complementary: Part I

proves rate-optimal upper bounds for KDE (pointwise) and NPLS (empirical L2) under smoothness

constraints; Part II shows these rates are minimax using three information-theoretic methods;

and Part III extends the theory to general bounded-loss ERM on VC-type classes. For further

material, see Tsybakov (2009), van der Vaart and Wellner (2023), Wainwright (2019), and Hastie

et al. (2009).

Zhan Gao, April 29, 2026 Adapted from Xiaohui Chen’s lecture notes of MATH647 at USC.
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