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Part 1

Regularization Bias

1 The Post-Selection Inference Problem

1.1 Invalidity of Post-Selection Inference

other model selection procedure) to identify a subset Sc {1,...
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Consider the linear model y = X3y + & with € ~ (0,021,,). Suppose we use the Lasso (or any

perform OLS on the selected model. A fundamental difficulty arises:

,p} of active variables, and then

e The Lasso estimator is not asymptotically Gaussian: the event Bj = 0 occurs with positive

probability, so the distribution of Bj has a point mass at zero mixed with a continuous

component.

e Standard confidence intervals and t-tests assume that the model was chosen a priori, in-

dependently of the data. When the same data are used both to select the model and to

estimate coefficients, the resulting inference is invalid.
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e Leeb and Pétscher (2005) established that the distribution of post-model-selection estimators
can be highly non-standard: it may be bimodal, have incorrect coverage, or behave erratically
across different data-generating processes. Crucially, this is not a finite-sample issue but a
fundamental tmpossibility: no uniformly valid confidence interval can be obtained by naively

applying classical inference after model selection.

e The key insight of Leeb and Pétscher (2005) is that even if the Lasso selects the “correct”
model with high probability, there are always sequences of data-generating processes where

the selection is borderline and inference breaks down. The problem persists even as n — oo.

This motivates the search for methods that can provide valid inference in high-dimensional

settings without relying on perfect model selection.

1.2 The Post-Lasso Estimator

Before turning to debiased methods, we briefly discuss the post-Lasso estimator, a natural

two-step procedure designed to reduce the shrinkage bias of the Lasso.
Definition 1 (Post-Lasso Estimator). The post-Lasso estimator is computed in two stages:

1. Run the Lasso and let § = {j: Bf # 0} be the set of selected variables.

2. Compute the OLS estimator using only the variables in S:

BPL: arg min Z -—a:/B

BERP, Bge=0 4"

e By refitting via OLS on the selected support, the post-Lasso removes the shrinkage bias
on the nonzero coefficients. Its prediction performance is comparable to the Lasso (see
Chernozhukov et al., 2015).

e However, the post-Lasso estimator remains subject to the post-selection inference problem.

It is not asymptotically normal and standard confidence intervals are invalid.

2 Regularization Bias

2.1 Selection vs. Estimation: An Impossibility

Omne might hope that the Lasso can simultaneously achieve two goals: (i) correctly identify the
support of By (model selection), and (ii) estimate [y at the optimal rate (estimation). Unfortu-

nately, these objectives are in tension.



e Yang (2005) showed that for a model selection procedure to be consistent for model identi-

fication, it must behave sub-optimally in estimating the regression function, and vice versa.

e The penalty level A required for sign consistency (the irrepresentability condition of Tib-

shirani, 1996) is very different from the penalty required for optimal prediction error (A =<
oy/logp/n).

e The upshot: even with the Lasso, selecting relevant covariates and accurately estimating

their effects are two objectives that cannot be pursued simultaneously.

2.2 The Naive Plug-In Estimator

We now formalize the regularization bias problem in the context of estimating a treatment

effect with high-dimensional controls.

Assumption 1 (Linear Model with Controls). Consider the i.i.d. sequence (Y;, D;, X;)I | satisfy-
mg
Y = DT(] +X/ﬂ0 + €,

where Ele|D, X] = 0, D € {0,1} is a binary treatment indicator, and X € RP is a vector of
controls with p potentially much larger than n. We denote pq := E[X|D = d] for d € {0,1} and
o :— ]E[DZ] 7£ 0.

Under Assumption 1, a naive two-step procedure to estimate 75 proceeds as follows:

1. Selection: Compute the Lasso of Y on (D, X)), keeping D unpenalized, and exclude variables

in X with zero Lasso coefficients.
2. Estimation: Compute OLS of Y on D and the selected elements of X.

The resulting estimator can be written as

where 7 =n"'>"" | D; and B is the post-selection OLS estimate.

Lemma 1 (Regularization Bias, Gaillac and L’'Hour (2025)). Under Assumption 1, if py :=
E[X|D =1] #0, then
\/ﬁ|7ﬁ — 7'0| — OQ.



Remark 1 (Intuition for Regularization Bias). Lemma 1 shows that the single-equation selection
procedure creates an omitted variable bias. The Lasso selects variables that are strongly related
to Y, but may overlook variables that have a moderate direct effect on Y yet a strong effect on D.
As Belloni et al. (2014) put it: “any such variable has a moderate direct effect on the outcome,
which will be incorrectly misattributed to the effect of the treatment.” The root cause is that
the selection uses only one equation (the outcome equation), ignoring the treatment assignment

mechanism.

2.3 A Favorable Case: Balanced Design

Under special conditions, the naive estimator can work. Examining when it does — and why

— will motivate the general solution.
Assumption 2 (Growth Condition). slogp/y/n — 0, where s = ||5o||o is the sparsity of B.
Assumption 3 (Balanced Design). (i) puy = E[X|D = 1] = 0 (orthogonality).

(ii) |2 300 DiX;|| < Viogp (concentration,).

Lemma 2 (A Favorable Case, Gaillac and L'Hour (2025)). Under Assumptions 1, 2, and 3:

V(i —10) 5 N (0,“—2> .

o

The key observation is that Assumption 3 implies

oV —m)| _ o’ x|~
]E[ 3G — ) ]_ E[ p ;Dlxllwo.

Under this condition, the estimator 7 is first-order insensitive to small deviations of B around (.
This is the essential idea that the debiased methods and double machine learning will exploit in a
general way: design the estimation procedure so that it is locally insensitive to errors in nuisance

parameter estimation.

Part 11

Debiased Lasso Inference

We now present methods that provide valid confidence intervals for individual regression coeffi-

cients in the high-dimensional linear model y = X 3y + ¢, without requiring that the Lasso correctly
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identifies the active set. The key idea is to debias the Lasso estimator — correcting its shrinkage

bias through a one-step Newton-type update.

1 The Zhang—Zhang (2014) Debiased Lasso

1.1 Setup and Motivation

Counsider the linear model

y=XB+e, e~ (0,0°L,), (1)

where y € R", X = (21,...,2,) € R™P with p > n, and we want to construct a confidence interval

for an individual coefficient [ ;.

e When p < n, we can use the OLS estimator and form standard confidence intervals: B]QLS +

2(2/2)y;6, where v = (X’X)j_jl.
e When p > n, X’'X is singular, so OLS is not feasible and the Lasso estimator is biased.
e The debiased Lasso (also called the low-dimensional projection estimator, LDPE) proposed

by Zhang and Zhang (2014) provides a bias correction that restores asymptotic normality.

1.2 Bias-Corrected Estimator and Score Vector

The classical OLS estimator of 3; can be written as

1
BQLS _ (:Bj ),y
’ (v5) 2;

where X_; = (z1, k # j) € R™®~Y collects all columns of X except the j-th, and

vy =x;— X (XX )X ey =Mz, M_j=1I,—X_;(X_ ;X ;)7'X,,

J J

is the residual from the OLS projection of z; onto the column space of X_;, with M_; the usual

s
annihilator (residual-maker) matrix. Equivalently, :BJL

to all other regressors, and (zj)'z; = |z ||3. When p > n, the matrix X’ ;X_; is singular (since
rank(X_;) = n < p — 1), so z; is not well-defined and this estimator breaks down. Zhang and

is the component of z; that is orthogonal

Zhang (2014) propose to replace :1:]L with a “relaxed” version z; obtained via Lasso regression.



Definition 2 (Score Vector). For each j =1,...,p, let 4; be the Lasso coefficient from regressing
xj on X_j:

4; = arg min
b

|z; — X_;0]13
{]T” + Ajllbll ¢

The score vector is the residual z; = x; — X_;%;.

1
j .
thogonal to all other columns of X, the Lasso ensures that its correlations with X_; are small:
|}z /n| < A; for k # j (by the KKT conditions).

The score vector z; serves as a “relaxed” approximation to z7. While z; is not exactly or-

Definition 3 (Debiased Lasso / LDPE Estimator, Zhang and Zhang (2014)). The low-dimensional
projection estimator (LDPE) of f; is

1 (y, ¥ A(init)
Ad  Alinit) | Zj (y—Xp )

where 3001 s the (scaled) Lasso estimator and z; is the score vector from Definition 2.

To understand why this works, decompose the estimation error:

/

A~ ) Z/xk A~ (ini
5f—50,j:++z y '(50&—51(@ vy (3)

. 2.2
7 ks T3
NG \#J

noise

J/

TV
approximation error (bias)

e The first term is approximately N (0, 0%||z;|3/(2}x;)?) — this is the “noise factor.”
e The second term (bias) is controlled by two quantities:

— 1; = maxpy; |2jxk|/]|25]l2 — the bias factor, measuring how well z; approximates or-

thogonality.

— || 3 — By||; — the ¢1-error of the initial estimator.

e When 7); is small (ensured by the Lasso) and the initial estimator is consistent, the bias term

vanishes and the debiased estimator is asymptotically normal.

The procedure is summarized as follows.



Algorithm 1: Debiased Lasso (Zhang and Zhang, 2014)
Input: Data (y, X), coordinate j, significance level «

Step 1: Compute an initial Lasso estimate B (init) and a noise level estimate &;
Step 2: Regress x; on X_; via Lasso to obtain the score vector z;;

Step 3: Compute the LDPE: ﬂd ﬁ (init) | o1 Hy — XB(init))/(z]’wj);

Step 4: Compute the noise factor 7; = | z;|2/|2}z;|;

Output: Point estimate B;i and confidence interval [Bf + &1 —«/2)6 7]

1.3 Confidence Intervals

Under regularity conditions, the LDPE achieves asymptotic normality:

Theorem 1 (Asymptotic Normality of the LDPE, Zhang and Zhang (2014)). Suppose ||Bollo < s
and slog(p)//n — 0, and assume appropriate reqularity conditions on the design matriz X. Then:

Bd 50,] d

= N(0,1),
oT;
where 7; = ||zl2/|2j7;].

e An approximate (1 — «) confidence interval for f ; is

BIE N (1-a/2)6T;

e The result does not require the uniform signal strength condition

min, |Bo5| = Co/log(p)/n

that is needed for variable selection consistency. This is the key advantage over selection-

based approaches.

e The dimension condition slog(p)/y/n — 0 is mild: it allows p to grow exponentially in n as

long as the model is sufficiently sparse.

Remark 2. When p < n and X has full column rank, the debiased Lasso reduces to the OLS
estimator and the confidence intervals coincide with the classical ones. The debiased Lasso is

therefore a genuine generalization of classical inference to the high-dimensional regime.



2 General Debiased Lasso Framework

2.1 Approximate Inverse Covariance Approach

The Zhang—Zhang procedure is a special case of a more general debiasing framework presented
in Hastie et al. (2015). Let (3, denote the Lasso estimator at regularization level A and ¥ = XX /n.

Proposition 1 (Debiased Lasso via Approximate Inverse). Define the debiased Lasso estimator

as
B =t OX(y — XBy), @

where © is an approximate inverse of ¥ (i.e., [|[©% — I, |« is small). Then:

B = fo+ - OX'e + (1, ~ 65)(B — o). (5)

g

A (remainder)

e The first term ©X'e/n is a sum of independent random variables — it is asymptotically

N(0,0%20%6'/n) by the CLT.
e The remainder A is controlled by [|©% — I,||s - [|3x — Boll1, which vanishes under sparsity.

e The key challenge: constructing © so that ||©% — I||, is small, even when ¥ is singular

(p > n).

2.2 Methods for Constructing ©

Several methods have been proposed for constructing the approximate inverse O:

1. Nodewise regression (van de Geer et al., 2014): For each j, regress z; on X_; by Lasso to
obtain residuals z;. This constructs © row by row. It can be interpreted as estimating the
precision matriz Y1 via neighborhood-based sparse graph estimation. This is precisely the

approach of Zhang and Zhang (2014) applied coordinate-wise.

2. Convex program (Javanmard and Montanari, 2014): For each j, define the j-th row m; of
© as the solution to
min  m'Sm
meRP

subject to ||f]m —€jlloo <,

where e; is the j-th unit vector. This directly minimizes the variance of B]d subject to the

constraint that the bias is controlled.



Remark 3. Both methods produce © such that 0 & I in the £, sense. The nodewise regression
approach is more common in the econometrics literature due to its simplicity and interpretability.
The convex program approach of Javanmard and Montanari (2014) can yield somewhat smaller

confidence intervals by explicitly minimizing the variance.

2.3 Asymptotic Normality

Using either method for constructing ©, the resulting debiased estimator 3% from (4) satisfies:

Theorem 2 (Asymptotic Normality, General Debiased Lasso). Suppose ||5o|lo < s with slog(p)/v/n —
0, and assume appropriate restricted eigenvalue conditions on X. Let © be constructed by either
nodewise regression or the convex program above, so that |Alle = ||(I, — O2)(Bx — Bo)llee = 0.
Then, for each j =1,...,p:

B¢ = Bo,

- 4 N(0,1).
o\/ (OX0");;/n

In particular, an approximate (1 — «) confidence interval for By ; is

B+ &1 - a/2) 61/ (626);5/n,

where & is a consistent estimator of o.

Part 111
Post-Double-Selection

1 The Partially Linear Model

1.1 Model Setup

Assumption 4 (Partially Linear Model with High-Dimensional Controls). The data (y;, d;, z;)",

are 1.i.d. and satisfy:

yi = dico + 9(z:) + G, E[Glz, di] = 0, (6)

where y; is the outcome, d; is the treatment/policy variable, z; is a vector of confounding factors, ay

is the treatment effect of interest, g(-) and m(-) are unknown functions, and (;,v; are disturbances.
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e We use linear combinations of p potential regressors x; = P(z;) to approximate g(z;) = ;8,0

and m(z;) = 0,0, where p may be much larger than n.

e The partially linear model was introduced by Robinson (1988). In classical settings with
p < n, estimation of g proceeds via the Frisch-Waugh-Lovell (FWL) theorem. The challenge
here is that p > n.

e Under approximate sparsity, the functions g and m can each be well-approximated by a small

number of terms: ||Bgollo < s and ||Bmollo < s with s < n.

1.2 Why Single Selection Fails

Example 1 (Single Selection Bias, p = 1). To illustrate the problem, consider the simplest case

with a single control x:

Y = ood; + Byxi + G,
di = 5m$1 + V;.

A single-equation model selection procedure (Lasso on the outcome equation only) will drop x;
whenever |3, is small enough relative to the noise level. But even when S, is small, the omitted
variable bias is

bias o

Bg'ﬁm'o-azc
2 )

94
which can be large if 3, is large (i.e., x is strongly related to treatment).
Under sequences where 3, — 0 slowly, the single-selection estimator is not root-n consistent.
Its distribution is bimodal: sometimes z is selected (correct behavior) and sometimes it is dropped

(omitted variable bias). See the left panel of Figure 1.

Remark 4. The double-selection estimator resolves this by selecting controls from both equations.
The variable x is only omitted when its coefficients in both equations are small, which ensures that

the omitted variable bias is negligible. See the right panel of Figure 1.
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2 The Post-Double-Selection Procedure

2.1 The Algorithm

Algorithm 2: Post-Double-Selection (Belloni et al., 2014)
Input: Data (y;, d;, z;)?,
Step 1 (Selection on treatment): Run Lasso of d on z, obtain Sp = {j: 5JL #0};
Step 2 (Selection on outcome): Run Lasso of y on x, obtain Sy = {j : B]L # 0};
Step 3 (Estimation): Run OLS of y on d and the controls in Sp, U Sy;

Output: Treatment effect estimate ¢, standard errors, confidence intervals

e The two selection steps can use either Lasso or post-Lasso. The analyst may also include

additional controls S (an “amelioration set”) based on domain knowledge.
e The final OLS regression uses d; and x; 5 where S =SpUSyUSs.

e Inference on «y is performed using conventional OLS standard errors from the final regression.

2.2 Asymptotic Normality

Theorem 3 (Estimation and Inference on Treatment Effects, Belloni et al. (2014)). Under ap-
proximate sparsity conditions on g(-) and m(-), sparse eigenvalue conditions on the Gram matriz,

and structural moment conditions, the post-double-selection estimator & satisfies:
o, ' Vn(a — ap) KN N(0,1),

where 02 = [E[v?]| 'E[v2C?|[E[v?]]~t. Under homoscedasticity (E[C?|z] = o02), the asymptotic
n % 751 % 7 ¢
2

variance reduces to oZ(o7)~', which is the semiparametric efficiency bound of Robinson (1988).

A consistent estimator of the asymptotic variance is

3

where 5’@ = y; — ad; — xfﬁ, 0; = d; — IQS, and § = |§D U §y| A (1 — «)-confidence interval is
A&+ O 1 —a/2)d,//n.

2.3 Connection to Orthogonal Moments and FWL

The success of the double-selection procedure can be understood through the lens of Neyman
orthogonality, which will be central to the DML framework in Part IV.
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616 REVIEW OF ECONOMIC STUDIES

Distributions of Studentized Estimators

post-single-selection estimator post-double-selection estimator

0 0
8-76-5-4-3-2-1 012345678 -8-76-5-4-3-2-1 0123456738

FIGURE 1
The finite-sample distributions (densities) of the standard post-single selection estimator (left panel) and of our
proposed post-double selection estimator (right panel). The distributions are given for centered and studentized
quantities. The results are based on 10000 replications of Design 1 described in Section 4.2, with R?’s in

equation and set 10 0.5.

woo dno"olwapede/:sdiy Wwoy papeojumoq

Figure 1: Finite-sample distributions of the treatment effect estimator under single selection (left,
bimodal) and post-double-selection (right, approximately normal). The single-selection estimator
can exhibit severe omitted variable bias. Source: Belloni et al. (2014, Figure 1).

Consider the moment condition underlying the treatment effect:
E[Y(Z, ag,no)] :=E[(Y — Dag — X'fo) (D — X'dg)] = 0, (8)

where 19 = (8, 0;)" collects the nuisance parameters. This is the Frisch-Waugh-Lovell moment

condition: ag is the coefficient from regressing outcome residuals on treatment residuals.

Proposition 2 (Neyman Orthogonality of the Double-Selection Moment). Under Assumption 4,

the moment function ¥ (Z, o, n) satisfies
]E [anw(za Qq, 770)] - O

That is, the moment condition (8) is first-order insensitive to errors in estimating the nuisance

parameters (S, dg)-

Proof. The Jacobian with respect to n = (3,0) is

—(D - X'0)X

O = (Y — Da— X'8)X

At the true values, E[0py)] = —E[{X] = 0 by the treatment equation, and E[0s¢)] = —E[¢X] =0

by the outcome equation.
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e The orthogonal moment (8) is the FWL representation:

. COV[D — Xléo, Y — X’ﬂo]
@0 = E[(D — X'60)7]

By partialling out X from both Y and D, we use only the variation in D and Y that is

orthogonal to X. Small errors in estimating g(-) and m(-) have only higher order effects.

e This orthogonality is exactly what the balanced design assumption (Assumption 3) provided
in the favorable case of Part I — but now it is built into the estimator rather than assumed

as a property of the data.

e The double-selection procedure creates the necessary orthogonality by performing variable
selection in both equations, ensuring that the relevant confounders are controlled for regard-

less of which equation they appear in.

e This perspective leads naturally to the double machine learning framework (Part IV), which

generalizes this idea beyond Lasso to arbitrary machine learning methods.

Part 1V

Double Machine Learning

The post-double-selection method of Part 111 uses the Lasso for variable selection in a linear par-
tially linear model. Double/debiased machine learning (DML), introduced by Chernozhukov et al.
(2018), generalizes this to allow any machine learning method for estimating nuisance functions,
including random forests, neural networks, and boosting. The two key ingredients are Neyman

orthogonality and cross-fitting.

1 The General DML Framework

1.1 Semiparametric Setup and Regularization Bias

Consider the general semiparametric estimation problem where we observe an i.i.d. sample
{W;}*_, and want to estimate a low-dimensional target parameter 6, € R% that is identified by a
moment condition:

E[m(W;6y,10)] =0, (9)
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where m(+;0,n) is a known score (moment) function and 7, is a nuisance parameter that may be

high-dimensional or infinite-dimensional (e.g., a conditional expectation function).

e In the partially linear model, 6, is the treatment effect, 7y = (go,mo) are the conditional
expectation functions, and W = (Y, D, X).

e In the ATE setting, 6y = E[Y (1) — Y (0)], no = (eo, pto) are the propensity score and outcome

regression.

e The nuisance parameter 7 is typically estimated using ML methods.

A natural plug-in estimator replaces 79 with an ML estimate 7 and solves the sample analog:

However, this plug-in estimator generally fails to be y/n-consistent due to two biases (Chernozhukov
et al., 2018; Ahrens et al., 2025):

1. Regularization bias: ML estimators introduce bias through regularization (e.g., shrinkage
in Lasso, pruning in trees). Since the score m is generally sensitive to perturbations in 7,

this bias propagates into 0.

Formally, a Taylor expansion gives:

; L L1 &0 .
VO = 00) = =g 72 m(Wisbo,to) + g 7 D gm (Wi o) =) (10)

N J/ J/

TV TV
CLT term (%): first-order impact of nuisance estimation

where Jyg = E[0pm(W;6p,10)]. The term (%) generally does not vanish when 9,m # 0.

2. Overfitting bias: When 7 is estimated on the same data used to evaluate the moment
condition, the estimation errors 77 — 1y are correlated with the scores m(W;; 6y, n9), creating

a bias even when E[0,m] = 0.

1.2 Neyman Orthogonality

The first key ingredient of DML addresses regularization bias.
Definition 4 (Neyman Orthogonality). The score function m(W; 6, n) satisfies Neyman orthogo-

nality at (6p,m9) with respect to a nuisance realization set Ty C T if

0
EE (m(W;00,m0 +r(n—m0))]| =0, VneTy. (11)
r=0
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e Intuitively, condition (11) means that the moment condition is locally insensitive to pertur-
bations of the nuisance parameter around its true value. Small errors in estimating 7y have

only a second-order effect on the moment condition.

e Returning to the expansion (10): Neyman orthogonality ensures that E[9,m(W;6y,10)] = 0,

so the problematic term (x) becomes
1 n
(*) = J_l_ 0 m(VVZa 007 770)(77 - T]O))

which is y/n times a sample average of mean-zero terms (times 7) — 79). Under appropriate

rate conditions, this vanishes.

e Rate requirement: The nuisance estimators need to satisfy a product rate condition:

vVl — nol* = 0, or equivalently, the mean-squared convergence rate faster than n=1/4.

This is achievable by many ML methods under structural assumptions (sparsity, smoothness,
etc.).

Remark 5 (Why Neyman Orthogonality Matters). Without orthogonality, the bias term (%) in
(10) involves /0 times E[0,m]-(7—mno). Even if /) converges at rate n=/* (typical for nonparametric
ML), this gives v/n - n~ /4 = n!/* — co. With orthogonality, the bias depends on /n||f — no|? <

V1 -n~2 = 0. Orthogonality converts a first-order bias into a second-order one.

1.3 Cross-Fitting
The second key ingredient of DML addresses overfitting bias.

Definition 5 (K-Fold Cross-Fitting). Randomly partition {1,...,n} into K folds I,..., Ik of
approximately equal size. For each fold £k =1,..., K:

(i) Estimate 7y, using data {W; : i ¢ I} (all observations except fold k).

(ii) Evaluate the score m(Wj;; 0, ) for observations i € Ij.

The cross-fitted DML estimator  solves:
1 -
=Y m(Wibi) =0. (12)

e Since 7); is estimated on data excluding fold k, the estimation errors 7, — 1y are independent
of the observations {W; : i € I} used in the moment condition. This breaks the dependence

that causes overfitting bias.
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e By rotating the roles of folds, cross-fitting ensures that all observations contribute to both

nuisance estimation and parameter estimation, preserving efficiency.

e Cross-fitting is analogous to cross-validation, but serves a different purpose: it is not for

tuning parameter selection, but for ensuring valid inference.

e Typically K =5 or K = 10 is used in practice.

2 DML for the Partially Linear Model

2.1 Setup and Two Score Functions

Consider the partially linear regression (PLR) model as in (6)—(7):

Y = Db+ go(X) + U, E[U|X,D] =0, (13)
D=my(X)+V, E[V|X]=0, (14)

where 6 is the target parameter, ny = (¢o,79) = (E[Y'|X], E[D|X]) are the nuisance functions, and
go(X) = Lo(X) —Opro(X), U =Y — £y(X), V=D —1ry(X) (Robinson, 1988).

Two natural score functions identify 6y:
1. Naive score (not orthogonal):
Mnaive(W;0,m) = (Y — g(X) — 0D)D. (15)
This corresponds to regressing Y — g(X) on D. The nuisance is n(X) = g(X).
2. Orthogonal score (FWL / Robinson):
mpLr(W;0,n) = [(Y = £(X)) = (D — (X)) (D — r(X)). (16)

This corresponds to the FWL approach: partial out X from both Y and D and regress the
residuals. The nuisances are n(X) = (£(X),r(X)).

Remark 6. While both scores identify 0y (i.e., E[m(-; 6y, 70)] = 0), only the orthogonal score mprg
is suitable for DML. The naive score is sensitive to errors in estimating ¢(X): any mistake in §
that is correlated with D directly biases 0.
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2.2 Verifying Neyman Orthogonality

Proposition 3 (Neyman Orthogonality of the PLR Score). The score mprr in (16) satisfies

Neyman orthogonality at (g, n9), while the naive score Mmypaive in (15) does not.
Proof. Naive score is not orthogonal: Let Ag(X) = g(X) — go(X). Then

0
EE[mnalve(W 007 9o + TA!])}

r=0

which is generally nonzero when D and X are correlated.
Orthogonal score: Let n(X) = (¢(X),r(X)) with perturbation An = (Al, Ar) where Al =
{— "Ly, Ar =1 —1ro. Then:

%E[mpLR(W; (90, Mo + )\AT])] o
= E[-AUX)(D —ro(X)) = Ar(X)(Y = lo(X)) + 200 Ar(X)(D — ro(X))]
= —E[AUX)V] — E[Ar(X)U] + 26,E[Ar(X)V] = 0,

where the last equality uses E[V|X] =0, E[U|X] =0, and {,(X) = E[Y|X], ro(X) = E[D|X]. O

2.3 The DML Estimator and Asymptotic Normality

Using the orthogonal score mppgr from (16) with cross-fitting, the DML estimator for the PLR

model is:

(1ZZVD)( >3 i x| a7

k=1 ZEIk k=1 ZG]k

where V;, = D; — 7(X;) are the treatment residuals and ¢, 7 are nuisance function estimates

obtained from fold-%k out-of-sample predictions.

Theorem 4 (Asymptotic Normality of DML, Chernozhukov et al. (2018)). Under Neyman or-
thogonality of the score, K-fold cross-fitting, and the rate condition

1€ = Colla - |7 — roll2 = op(n~'/?),

the DML estimator 0 satisfies:
Vil = 60) 5 N (0,%),
where o* = E[V2U?/(E[V?])?. Under homoscedasticity, 0® = 0% /0%, the semiparametric effi-

ciency bound.
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Remark 7 (The Product Rate Condition). The condition || — &2 - || — rol|2 = op(n~/2) is the

V4 for

key requirement. It allows each nuisance function to converge at a rate slower than n~
example, n~'/3 for one and n~/° for the other. Many ML methods (Lasso, random forests, neural
networks, boosting) achieve such rates under structural assumptions (Ahrens et al., 2025). This
product rate condition is a direct consequence of Neyman orthogonality: without it, a single rate

of n=12 would be required, which is unattainable for most nonparametric estimators.

Double/debiased machine learning Cs

Non-Orthogonal, n = 500, p = 20 Orthogonal, n = 500, p = 20

~ 10

[ simutation [ simulation

N3

02 -0.15 /-0 )
Figure 1. Comparison of the conventional and double ML estimators. [Colour figure can be viewed at

wileyonlinelibrary.com]

splitting will play a key role in allowing us to guarantee that ¢* = op(1) under weak conditions
as outlined below and discussed in detail in Section 3.
Figure 1 provides a numerical illustration of the negative impact of regularization bias and
the benefit of orthogonalization. The left panel shows the behaviour of a conventional (non-
Figure 2: Comparison of conventional (non-orthogonal, left) and DML (orthogonal, right) esti-
mators in the PLR model with random forest nuisance estimators. The conventional estimator
is badly biased; the DML estimator is approximately normal and centered at the truth. Source:

Chernozhukov et al. (2018, Figure 1).

2.4 DML Algorithm

The full DML procedure for the PLR model is summarized below.
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Figure 2. Comparison of full-sample and cross-fitting procedures. [Colour figure can be viewed at
wileyonlinelibrary.com]

Figure 3: Comparison of full-sample (left) and cross-fitted (right) DML estimators. Without cross-
fitting, overfitting bias distorts the distribution even with orthogonal scores. Cross-fitting removes

this bias at no cost to efficiency. Source: Chernozhukov et al. (2018, Figure 2).

Algorithm 3: DML2 for the Partially Linear Model (Chernozhukov et al., 2018)

Input: Data (Y;, D;, X;)?_,, number of folds K, ML method M

Step 1: Randomly partition {1,...,n} into K folds I, ..

size;

for k=1,...,K do
Step 2a: Estimate (4(-) by regressing Y on X using M on data {i ¢ I,};
Step 2b: Estimate 74 (+) by regressing D on X using M on data {i ¢ I;.};
Step 2c: Compute residuals [A]lk =Y, - ék(XZ) and Vlk = D; — 7,(X;) for i € I;

end

. ~ -1 ~ A
Step 3: Compute 0 = <Zk Zielk Vi,kDi) <Zk Zielk Vi,kUi,k>;
A2 N . o
Step 4: Estimate variance: 62 = [n_l > Vf} n~t 3 VEAY — D — 0(X;))?;
Output: 0, standard error 6/y/n, CI: § £ 2,56 /+/n

., I of approximately equal

Remark 8 (Software). DML is implemented in several software packages. The DoubleML package
is available in R and Python. The hdm R package implements the post-double-selection method. See

Ahrens et al. (2025) for a comprehensive review of available tools and practical recommendations.

Zhan Gao, April 8, 2026
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